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Abstract. We present an integrated system for knowledge representation, calledAL-log, based on description
logics and the deductive database language Datalog.AL-log embodies two subsystems, called structural and
relational. The former allows for the definition of structural knowledge about classes of interest (concepts) and
membership relation between objects and classes. The latter allows for the definition of relational knowledge
about objects described in the structural component. The interaction between the two components is obtained
by allowing constraints within Datalog clauses, thus requiring the variables in the clauses to range over the set
of instances of a specified concept. We propose a method for query answering inAL-log based on constrained
resolution, where the usual deduction procedure defined for Datalog is integrated with a method for reasoning on
the structural knowledge.
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1. Introduction

Hybrid systems are a special class of knowledge representation systems which are con-
stituted by two or more subsystems dealing with distinct portions of a knowledge base
and specific reasoning procedures (Frisch and Cohn, 1991). The characterizing feature of
hybrid systems is that the whole system is in charge of a single knowledge base, thus
combining knowledge and reasoning of the different subsystems in order to answer user
questions. The motivation for building hybrid systems is to improve on two basic features
of knowledge representation formalisms, namely representational adequacy and deductive
power.

It is very often the case that a knowledge representation formalism together with the
associated reasoning procedures is adequate for representing certain kinds of information,
but unsuited or at least heavy to use for others. The possibility of using different formalisms
in the same framework is pursued in hybrid systems in order to overcome the limitations of
a single representation paradigm.

The improvement in deductive power of hybrid systems is in terms of both the inferences
the system is able to make, and the efficiency of the deductive process. With regard to the
first point, the set of conclusions a hybrid system should be able to draw is not just the
union of the conclusions derivable within each subsystem, because any subsystem can take
advantage of the results obtained by other subsystems. With regard to the second point,
the use of specialized reasoners makes it possible to improve the deduction process, since
specialized reasoners typically perform better than general purpose deduction procedures.
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Based on the above arguments, several two-component systems have been proposed (see
for example, Brachman and Pigman Gilbert, 1985, Nebel and von Luck, 1988, Borgidaet al,
1989, Baader and Hollunder, 1991), where the subsystems have been called terminological
and assertional. The terminological subsystem (sometimes called TBox) provides the ability
to create a hierarchical structure of concepts (or classes) by using a so-called description
logic, whereas the assertional subsystem (ABox) provides the user with a language for
expressing properties of individuals.

Closely related to terminological/assertional systems are the proposals arising from the
study of many-sorted logics, where a first order language is combined with a sort language,
which can be regarded as an elementary description logic (Cohn, 1989, Frisch, 1989).

In this paper we present a two-component system, namedAL-log (from Attributive
Language (Schmidt-Schauß and Smolka, 1991) and Datalog), whose main feature is to add
to the framework of deductive databases the structuring power of description logics.

More specifically, inAL-log we have astructuralsubsystem based on the description logic
ALC (Donini et al, 1991a, Schmidt-Schauß and Smolka, 1991) and arelationalsubsystem
based on the database language Datalog (Ullman, 1988). The interaction between the two
subsystems is realized by allowing the specification of constraints in Datalog clauses, where
constraints are expressed usingALC. Constraints on variables require them to range over
the set of instances of a specified concept, while constraints on individual objects require
them to belong to the extension of a concept.

TheAL-log hybrid reasoner computes answers to queries, based on the specification
of both the structural and the relational component of the knowledge base. We propose
a resolution-based hybrid reasoner, that finds refutations in the relational component by
means of a top-down procedure, and then uses the constraints collected during the first step
for a special check on the structural component.
AL-log is innovative in several respects. First, each subsystem embodies a knowledge

base with both an intensional and an extensional level. In fact, the structural subsystem by
itself is highly expressive compared with usual terminological systems, since the knowledge
base of concepts can be defined by specifying containment assertions between concepts and
membership assertions on individual objects.

Secondly, a comparison ofAL-log with the classification of hybrid systems made in
(Frisch and Cohn, 1991) reveals thatAL-log embodies features of both the substitutional
framework (Frisch, 1989) and theory resolution (Stickel, 1985). With regard to the former,
the structural subsystem can be seen as a background theory of the Datalog clauses, that
selects among the ground instances of the clauses those instances satisfying the associ-
ated constraints. The similarity with theory resolution is in that refutations on the whole
knowledge base can be found by proving the validity (w.r.t. the background theory) of cer-
tain disjunctive formulas whose disjuncts are taken from different clauses. In this respect,
AL-log follows the approach proposed in (Baaderet al, 1990), specializing it to the case
where the logical language is a deductive database language, and exploiting the use of the
description logic in the definition of the structural component of the knowledge base.

Third, the resulting system provides a form of integration between objects and logic
within the framework of databases. Recently, there has been much interest in investi-
gating database systems providing both deductive and object-oriented capabilities, see
for example (A¨ıt-Kaci and Nasr, 1986, Abiteboul and Kanellakis, 1989, Abiteboul, 1990,
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Kifer et al, 1995, Linget al, 1995). Compared with most of the proposals of this kind,
AL-log is more expressive in the structural component, and provides more sophisticated
reasoning mechanisms on such component. Indeed, one of the main features ofAL-log is
the representation of, and the reasoning on incomplete knowledge in the structural compo-
nent. Representing incomplete knowledge is made possible by the rich set of constructs
used for building concepts (named classes in the usual object-oriented terminology) ex-
pressions. For example, one can state that the conceptPerson is a subset of the concept
Male t Female, where the latter denotes the set of objects that are instances of either
Male or Female. Such an intensional assertion can be seen as an integrity constraint in
most of the approaches to object-oriented databases. This means that, if a database state
has one instancep of Person, such a state will be accepted if there is also the explicit
assertion thatp is an instance ofMale or the explicit assertion thatp is an instance of
Female. On the contrary, in our system, the above assertion can be seen as the specifica-
tion of the possible models of the knowledge base, and not just an integrity constraint. This
means that we accept a knowledge base with the assertion thatp is an instance ofPerson,
without the explicit information about whether it is an instance ofMale or Female, and
the system can reason and answer queries on the basis of such an incomplete informa-
tion. This feature is also shared by several recent papers on integrating Horn rules and
Description Logics, which are actually based on the framework proposed in this paper, see
(Levy et al, 1996, Levy and Rousset, 1996).

We note that such a high expressive power in the structural component forces us to stick
with Horn clauses in the relational component. Indeed,AL-log does not include negation
in the relational subsystem. Moreover, since relational knowledge does not play any role
in deducing new information about the structure of individual objects, the form of inte-
gration between the two subsystems is weaker than the one supported in most deductive
object-oriented database languages. In this sense, our system can be seen as a special con-
straint logic programming system (Van Hentenryck, 1989), where Datalog is used as the
logic programming language, and assertions about the structural component constitute the
specification of the constraints. We should note, however, that the possibility of expressing
incomplete information in the constraint part is not common in constraint logic program-
ming. We show in the rest of this paper, that indeed this characteristic poses new problems
for the task of devising a query answering method forAL-log.

The paper is organized as follows. In Section 2 we describeAL-log, by presenting the
main features of the structural and the relational subsystems, and defining the semantics of
a knowledge base in our system. In Section 3, we show one example of knowledge base
expressed inAL-log and briefly discuss its expressive power in formulating queries. In
Section 4 we present a method for hybrid reasoning inAL-log. Finally, conclusions are
drawn in Section 4.

2. The SystemAL-log

As we mentioned in the introduction,AL-log embodies two subsystems, called structural
and relational. The former, described in Section 2.1, allows one to express knowledge about
concepts, roles and individuals. The latter, described in Section 2.2, provides the user with a
suitable extension of Datalog in order to express relational knowledge. The characterization
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of both the semantics of a knowledge base, and the set of inferences that can be carried
out over it, is provided in Section 2.3. Finally, examples ofAL-log knowledge bases are
discussed in Section 2.4.

2.1. The Structural Subsystem

The structural subsystem ofAL-log allows one to define what we call anALC-knowledge
base. AnALC-knowledge base is structured into two levels, intensional and extensional.
The intensional level refers to the knowledge about the concepts of interest, and is con-
stituted by a set of statements specifying the relevant properties of such concepts. The
extensional level regards the knowledge about individual objects, and is constituted by a
set of membership assertions between objects and concepts (e.g.a is an instance ofC), and
between pairs of objects and roles (e.g.a is related tob by the roleR).

Therefore, the structural subsystem ofAL-log is itself a two-component system, where
one component constitutes the intensional level, and the other constitutes the extensional
level. We show later that the expressive power of the language constructs used in the struc-
tural subsystem is greater than in conventional terminological/assertional hybrid systems.

Both at the intensional and the extensional level, there is the need of a specific descrip-
tion logic for building concept expressions. InAL-log, the description logic isALC
(Donini et al, 1991a, Schmidt-Schauß and Smolka, 1991). Concepts represent classes of
objects in the domain of interest, while roles represent binary relations between concepts.
Complex concepts can be defined by means of suitable constructs applied to primitive con-
cepts (concepts denoted simply by a name) and roles. In particular, a concept inALC can
be formed by means of the following syntax (A denotes a primitive concept,R denotes a
role,C andD denote arbitrary concepts):

C, D −→ A | (primitive concept)
> | (top)
⊥ | (bottom)
C uD | (conjunction)
C tD | (disjunction)
¬C | (negation)
∀R.C | (universal quantification)
∃R.C (existential quantification)

As an example, consider the following two concepts

FacultyMember u ∀Teaches.AdvancedCourses

Person u ∃Teaches.Course u ¬FullProfessor

The first one denotes faculty members that teach only advanced courses. The second one
denotes persons that teach some courses and are not full professors.

Concepts are interpreted as subsets of a domain and roles are interpreted as binary relations
over a domain. More precisely, aninterpretationI = (∆I , ·I) consists of a set∆I (the
domainof I) and a function·I (the interpretation functionof I) that maps every concept
to a subset of∆I and every role to a subset of∆I ×∆I such that the following equations
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are satisfied:

>I = ∆I

⊥I = ∅
(C uD)I = CI ∩DI

(C tD)I = CI ∪DI

(¬C)I = ∆I \ CI

(∀R.C)I = {a ∈ ∆I | ∀b : (a, b) ∈ RI → b ∈ CI}
(∃R.C)I = {a ∈ ∆I | ∃b : (a, b) ∈ RI ∧ b ∈ CI}

An interpretationI is amodelfor a conceptC if CI is nonempty. A concept issatisfiable
if it has a model andunsatisfiableotherwise. We say thatC is subsumedby D if CI ⊆ DI

for every interpretationI, andC is equivalenttoD if C andD are subsumed by each other.
We now turn our attention to the problem of defining the intensional level of anALC-

knowledge base. As we said before, the intensional level specifies properties of the concepts
of interest in a particular application. Syntactically, such properties are expressed in terms
of a set of so-calledinclusion statements(see (Nebel, 1990, Buchheitet al, 1993)). An
inclusion statement (or simply inclusion) has the form

C v D

whereC andD are two arbitrary concepts. Intuitively, the statement specifies that every
instance ofC is also an instance ofD. More precisely, an interpretationI satisfies the
inclusionC v D if CI ⊆ DI .

For example, in the knowledge baseKuniv defined in Section 2.4 we have the following
two inclusions

FullProfessor v FacultyMember
NonTeachingFullProfessor = FullProfessor u ¬∃Teaches.Course

whereC = D is a shorthand for the pair of inclusionsC v D andD v C.
The first inclusion states that full professors are also faculty members, whereas the second

statement defines the conceptNonTeachingFullProfessor as the set of full professors
that do not teach courses.

Let T be a finite set of inclusions. An interpretationI is amodelfor T if I satisfies all
inclusions inT . MoreoverT logically impliesan inclusion statementγ, writtenT |= γ, if
γ is satisfied by all the models ofT .

Terminological systems usually provide the user with mechanisms forconcept definitions
of the form (Nebel, 1990):

A v D (inclusion), or
A

.= D (equivalence).

In these systems, the definitional mechanisms are limited by the requirements that the left-
hand side conceptA be a primitive concept, and that at most one statement for each concept
is allowed.



232 DONINI, ET AL.

Moreover, most of the existing systems do not allow cycles in the terminological compo-
nent to occur, i.e. do not permit a primitive conceptA to occur neither directly nor indirectly
within the definition ofA. On the other hand, we do not impose any constraint on the form
of inclusions, and therefore terminological cycles may occur in our system.

As shown in (Nebel, 1990), there are at least three types of semantics for terminological
cycles, namely the least fixed point, the greatest fixed point, and the descriptive semantics.
Among them, the latter is the most general, and is the one used in our system.

The language proposed here for defining the intensional level of a structural component
is more powerful, because there is no limitation to the form of the concepts involved in
the inclusions. In particular, notice that an equivalence of the formA

.= D can be easily
expressed in our system using the pair of inclusionsA v D andD v A. On the contrary, an
inclusion of the formC v D, whereC andD are arbitrary concepts, cannot be expressed
with the restrictions imposed by other systems.

We now turn our attention to the mechanisms offered by the structural subsystem ofAL-
log for the definition of the extensional level. As we said before, such a subsystem uses
a rather limited mechanism, that essentially allows one to specify the instance-of relation
between objects and concepts, and between pairs of objects and roles.

LetO be an alphabet of symbols, calledindividuals. Syntactically, instance-of relation-
ships are expressed in terms ofmembership assertionsof the form:

a : C,
aRb

wherea andb are individuals,C is a concept, andR is a role. Intuitively, the first form
states thata is an instance ofC, whereas the second form states thata is related tob by
means of the roleR.

For example, we can state the following assertions (see the knowledge baseKuniv in
Section 2.4):

john : FullProfessor, john Teaches ai
ai : AdvancedCourse, mary : FullProfessoru∀Teaches.AdvancedCourse

In order to assign a precise meaning to membership assertions, the extension function·I
of an interpretationI is extended to individuals by mapping them to elements of∆I in such
a way thataI 6= bI if a 6= b. Notice that this restriction ensures that different individuals
denote different objects in the world (unique name assumption).

An interpretationI satisfiesthe assertiona : C if aI ∈ CI , and satisfiesaRb if (aI , bI) ∈
RI . I is a model for a set of membership assertionsA if I satisfies all the assertions inA.

We can now summarize the features of the structural subsystem ofAL-log as follows.
The structural subsystem allows one to define anALC-knowledge baseΣ, that is a pair

Σ = 〈T ,A〉

where

• T (the intensional level) is a set of inclusions,

• A (the extensional level) is a set of assertions.



AL-LOG: INTEGRATING DATALOG AND DESCRIPTION LOGICS 233

An interpretationI is a model ofΣ if it is both a model ofT and a model ofA. Notice that
by virtue of the unique name assumption, we can focus on what we callO-interpretations.
AnO-interpretation forΣ is an interpretation forΣ such thatO ⊆ ∆I and for eacha ∈ O,
aI = a. AnO-model is anO-interpretation that is a model. From this point on, when we
refer to interpretations (models) for anALC-knowledge base, we implicitly assume to deal
with O-interpretations (O-models).

Σ is satisfiableif it has a model. FurthermoreΣ logically impliesΓ (written Σ |= Γ),
whereΓ is either an inclusion or a membership assertion, if every model ofΣ satisfiesΓ.

2.2. The Relational Subsystem

The relational subsystem allows one to express relational knowledge in terms of a set of
so-called constrained Datalog clauses. Before dealing with them, we give a short summary
of Datalog, in order to make the paper self-contained.

2.2.1. Datalog Datalog is a database query language based on the logic programming
paradigm (see (Ceriet al, 1990, Ullman, 1988)). The interest in Datalog as a database
query language stems from the fact that it is a purely declarative language, and it allows the
definition of classes of queries which are not definable in other declarative query languages
(e.g. the relational calculus).

A Datalog program consists of a set of definite clauses, each one of the form:

α0 ∨ ¬α1 ∨ · · · ∨ ¬αn

wheren ≥ 0 and eachαi is an atom of the formpi(t1, . . . , tki
) such thatpi is a predicate

symbol and eachtj is either a constant or a variable1. Constant, predicate and variable
symbols belong to three mutually disjoint alphabets.

Note that each clause of a program has exactly one positive literal, and moreover, it is
assumed that all the variables appearing in the clause are universally quantified. It is also
required that all atoms with the same predicate symbol have the same number of arguments.
Atoms and clauses containing no variables are called ground. Asubstitutionθ is a finite
set of the form{X1/t1, . . . , Xn/tn}, whereXi is a variable,ti is a term, andXi 6= Xj for
i 6= j. A ground substitutionis a substitution whereti is a constant for everyi ∈ {1, . . . , n}.
The result of theapplicationof a substitutionθ to a clauseγ, denoted byγθ, is the clause
γ′ obtained fromγ by simultaneously replacing each occurrence ofXi with ti.

A clause is often written in the form

α0:−α1, . . . , αn

where the left hand side, called thehead, is constituted by the positive literal of the clause,
and the right hand side, called thebody, is constituted by the list of the atoms appearing in
negative form in the clause. Afact is a clause wheren = 0, and arule is a clause where
n > 0. We use the notation that constant and predicate symbols are strings beginning with
a lower case letter, whereas variables are strings beginning with an upper case letter.

The predicates occurring in a Datalog programD are partitioned into two sets: the
extensional predicates (EDB-predicates) and the intensional predicates (IDB-predicates).
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Intuitively, eachEDB-predicater corresponds to exactly one relationR of the database in
such a way that each factr(c1, . . . , ck) corresponds to the tuple〈c1, . . . , ck〉 of R. On the
other hand, intensional predicates correspond to virtual relations, or views. It is required
that the head predicate of each rule inD be anIDB-predicate.

Based on the above distinction between extensional and intensional predicates, a Datalog
programD can be divided into two parts, called extensional and intensional. The extensional
part, denoted asEDB(D), is the set of factsD involving the extensional predicates, whereas
the intensional partIDB(D) is the set of all other clauses ofD.

Any Datalog programD must satisfy the followingsafety condition: Each variable
occurring in the head of a clause must also occur in the body of the same clause. It follows
from this condition that each fact ofD is ground. The safety condition guarantees that the
set of all facts derivable from a Datalog program is finite.

The semantics of a Datalog program is based on the notion of Herbrand interpretation.
Let D be a Datalog program. The Herbrand baseHB of D is the set of all atoms of

the formp(c1, . . . , cn) such thatp is a predicate ofD and all theci are constants ofD.
We writeEHB (resp.IHB) to denote the atoms ofHB whose predicates are extensional
(resp. intensional).

A Herbrand interpretation forD is a subset of the Herbrand baseHB. Let H be a
Herbrand interpretation forD. A positive ground literall is satisfied byH if l ∈ H. A
negative ground literal¬l is satisfied byH if l 6∈ H. A Herbrand interpretationH for D is
said to be a model ofD if for every clauseγ of D, for every ground instanceγ′ of γ, at least
one of the literals ofγ′ is satisfied byH. The meaning of a Datalog programD is the set of
its models. The intersection of all the models ofD is itself a model ofD, and in particular
is the so-called least Herbrand model, i.e. it is a subset of each Herbrand model ofD. A
list of ground atomsg = g1, . . . , gn (interpreted as the conjunction of the atoms) is said to
be a logical consequence ofD, writtenD |= g if eachgi is satisfied by all the models ofD.

Note that a Herbrand interpretationH for D can also be seen as a mapping·H such
that for eacha ∈ N , whereN is the set of constants occurring inD, aH = a, and for
eachn-ary predicatep occurring inD, pH is a subset ofNn. This reformulation of a
Herbrand interpretation will be used in the next section for the definition of the semantics
of a knowledge base inAL-log.

Let cons(D) denote the set of all ground atoms which are logical consequences ofD (i.e.
are satisfied in all the models ofD):

cons(D) = {F ∈ HB | D |= F}.
It is well known thatcons(D) is equal to the least Herbrand model. This means thatD
logically implies a ground atomα just in case the least Herbrand model ofD satisfiesα.

A query for a Datalog programD is a conjunction of atoms written as:

g1, . . . , gn

where eachgi is an atom.
An answerto a queryg is a substitutionθ for the variables ofg. The answerθ is correct

with respect to the Datalog programD if D |= gθ. Theanswerset to a queryg is the set
of answers tog that are correct with respect toD, i.e. {θ | D |= gθ} and such thatgθ is
ground. In other words, the answer set to a queryg is the set of all ground instances ofg
which are logical consequences ofD.
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2.2.2. Constrained Datalog ProgramsA constrainted Datalog program is defined in
an way analogous to a constraint logic program in constraint logic programming languages
(Van Hentenryck, 1989). Specifically, a constrained clause is a clause with a set of restric-
tions on its variables and constants, expressed using the languageALC.

More precisely, a constrained Datalog clause has the form:

γ & β1, . . . , βm

wherem ≥ 0, γ is a Datalog clause, and eachβi is aconstraintof the form

s : C

wheres is either a constant or a variable, andC is anALC-concept (the systemcarin

allows also for constraints of the formsRt).
For example, the following constrained Datalog clause

curr(X, Z) :- exam(X, Y ), subject(Y, Z) & X : Student, Y : Course, Z : Topic

states that for allX andZ it holds thatX hasZ in its curriculum if there existsY such that
X has passed the exam ofY andZ is a topic ofY , subject to the constraints thatX is a
student,Y is a topic, andZ is a course.

Intuitively, a constraint on a variableV restricts the values ofV to range over the set of
instances of the specified concept. Similarly, a constraint on a constanta, calledground
constraint, imposes the condition thata denotes an individual which is an instance of the
specified concept.

A set of constrained Datalog clauses is called a constrained Datalog program.

2.3. Semantics ofAL-log Knowledge Bases

In AL-log, a knowledge baseK is defined as a pair

K = 〈Σ, Π〉

where

• Σ is anALC-knowledge base

• Π is a constrained Datalog program.

In order for a knowledge base to be acceptable, it must satisfy the following conditions:

1. The set of Datalog predicate symbols appearing inΠ is disjoint from the set of concept
and role symbols appearing inΣ.

2. The alphabet of constants used inΠ coincides with the alphabetO of the individuals
of Σ. Moreover, every constant occurring inΠ appears also inΣ. Note that this is not
a real limitation, because for each individuala not appearing inΣ one can add toΣ the
assertiona : >, resulting in anALC-knowledge base which is equivalent toΣ.
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3. For every clauseγ & β1, . . . , βm in Π, every variable appearing inβ1, . . . , βm appears
also inγ.

The role played by the constraints in the Datalog clauses is critical for the system. In
particular, the interaction between the structural and the relational component of a knowl-
edge baseK = 〈Σ, Π〉 is determined by the constraints specified in the clauses ofΠ. It is
easy to see the similarity with many-sorted logics, where constants and variables are sorted.
However, the language used in the structural subsystem ofAL-log is much more powerful
than the ordinary languages for sorts.

With regard to the semantics of a knowledge baseK = 〈Σ, Π〉, we define an interpretation
J for K as the union of anO-interpretationI for Σ and an Herbrand interpretationH for
ΠD, whereΠD is the set of Datalog clauses obtained from the clauses ofΠ by deleting in
each clause its constraint part (i.e. the symbol& together with every constraints).

A ground instance of a constrained clause ofK is the constrained clause obtained by
substituting each variable in the clause with an individual occurring inΣ. J = 〈I, H〉
is called a model ofK if it is a model ofΣ (i.e. I is a model ofΣ), and for each clause
γ & β1, . . . , βm, for each of its ground instancesγ′ & β′1, . . . , β

′
m, either there exists one

i ∈ {1, . . . , m} such thatβ′i is not satisfied byJ , or γ′ is satisfied byJ .
K logically implies a ground atomα (resp. a ground constraintβ), writtenK |= α (resp.

K |= β), if every model ofK satisfiesα (resp.β).
A conjunction of ground atoms and ground constraintsα1, . . . , αn & β1, . . . , βm is a

logical consequence ofK, written asK |= α1, . . . , αn & β1, . . . , βm, if for each i ∈
{1, . . . , n}, K |= αi and for eachj ∈ {1, . . . , m}, K |= βj .

A queryQ to a knowledge baseK is a sentence of the form:

q1, . . . , qn & β1, . . . , βm

wheren ≥ 0, m ≥ 0, n + m > 0, eachqi is an atom and eachβj is a constraint.
An answerto the queryQ is a substitutionθ for the variables ofQ. The answerθ is

correct with respect to the knowledge baseK if K |= Qθ. Theanswer setto a queryQ
in a knowledge baseK is the set of answers toQ that are correct with respect toK, i.e.
{θ | K |= Qθ} and such thatQθ is ground.

It is easy to verify that if a ground queryQ contains only constraints (i.e. has the form
&β1, . . . , βm), thenK |= Q if and only ifΣ |= Q. In other words, the knowledge expressed
in the relational component does not play any role in deducing facts about the structural
component.

2.4. Examples ofAL-log Knowledge Bases

Let Kuniv be the knowledge base defined in Figure 1, where the two columns refer to the
structural component and the relational component respectively, and the two rows refer to
the intensional level and the extensional level.

The symbols in the structural component should be read as follows:FP = Full Professor,
NFP = Non-teaching Full Professor,FM = Faculty Member,TC = Teaching,St =
Student,Tp = Topic,Co = Course,AC = Advanced Course,BC = Basic Course.
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Structural Relational

FP v FM

NFP = FP u ¬∃TC.Co

AC tBC = Co

AC uBC v ⊥

curr(X, Z) : −
exam(X, Y ), subject(Y, Z)
& X : St, Y : Co, Z : Tp

mayDoThesis(X, Y ) : −
curr(X, Z), expert(Y, Z)
& X : St, Z : Tp, Y : FM u ∃TC.AC

mayDoThesis(X, Y ) : −
& X : St, Y : NFP

john : FP, johnTCai,

mary : FP u ∀TC.AC,

paul : St, ai : AC,

kr : Tp, lp : Tp

exam(paul, ai),

subject(ai, kr), subject(ai, lp),

expert(john, kr), expert(mary, lp)

Figure 1. The knowledge baseKuniv

The intensional part of the structural component ofKuniv specifies the following prop-
erties: 1) full professors are faculty members, 2) non-teaching full professors are defined
as full professors that do not teach any course, 3) the set of courses is partitioned into basic
courses and advanced courses.

The predicates in the intensional part of the relational component have the following
intended meaning:
mayDoThesis(X, Y ) : studentX may do the thesis with professorY ;
curr(X, Y ) : studentX has studied topicY in his/her curriculum;
expert(X, Y ) : professorX is an expert in topicY ;
exam(X, Y ) : studentX has passed the examY ;
subject(X, Y ) : topicY is treated in courseX.

The clauses in the relational component specify the conditions for a studentX to do the
thesis with a professorY .

Notice that in all the models ofKuniv, paul is a student havingkr in his curriculum,
and john is a faculty member that teaches one advanced course, and is expert inkr.
Therefore, looking at the first clause in the relational component, it is easy to see that
Kuniv |= mayDoThesis(paul, john).

Less obviously,Kuniv logically impliesmayDoThesis(paul, mary). Indeed, by look-
ing at the first clause, one realizes thatmayDoThesis(paul, mary) is true in the setS1 of
models ofKuniv in whichmary teaches at least one advanced course. On the other hand,
it follows from the second clause thatmayDoThesis(paul, mary) is true in the setS2 of
models in whichmary is a non-teaching full professor. None of the two clauses alone is
sufficient to prove thatKuniv |= mayDoThesis(paul, mary), but it is possible to see that
S1 ∪ S2 represents all the models ofKuniv, and thereforemayDoThesis(paul, mary) is



238 DONINI, ET AL.

Structural Relational

Re tBl t Ye = >
Re v ¬Bl u ¬Ye

Bl v ¬Ye

not3col : −
arc(X, Y ), sameColor(X, Y )

sameColor(X, Y ) : − & X : Re, Y : Re
sameColor(X, Y ) : − & X : Bl, Y : Bl
sameColor(X, Y ) : − & X : Ye, Y : Ye

arc(a, b), arc(a, c),
arc(c, d), arc(c, e),
. . .
. . .

Figure 2. The knowledge baseK3col

a logical consequence ofKuniv. In order to see that every model ofKuniv is in S1 ∪ S2,
consider any modelM of Kuniv such thatM 6∈ S2. In M , mary is not a non-teaching full
professor, and therefore, since she is a full professor, she teaches at least one course, that
must be an advanced course, and thereforeM ∈ S1.

We now present an example (taken from (Cadoliet al, 1996)) that highlights the expres-
sivity of AL-log. In particular, it shows thatAL-log can express queries that cannot be
expressed in pure Datalog.

Graph 3-colorabilityis the problem of checking if all nodes of a given (undirected) graph
can be associated with one out of three colors in such a way that no two adjacent nodes are
colored with the same color. It is well-known that Graph 3-colorability is an NP-complete
problem. As a consequence (see e.g. (Ullman, 1988)), it is not possible to write a Datalog
query of polynomial size w.r.t. the size of the graph, that checks for 3-colorability of a graph
(represented byEDB-predicates).

Conversely, the 3-colorability of a graph can be checked by means of anAL-log query.
Specifically, the ground querynot3col is logically implied by the knowledge baseK3col

in Figure 2 if and only if the graph represented by the predicatearc is not 3-colorable.
In K3col, the graph is represented by the predicatearc and the three colorsred, blue, and
yelloware represented by the conceptsRe, Bl, andYe, respectively.

In addition, in casenot3col is not logically implied byK3col, the method described in
Section 4 singles out a model of the knowledge base that directly provides a solution of the
3-colorability problem.

It is worth remarking that the size of all components, but the extensional relational one,
is independent of the size of the graph. In fact, the graph is entirely represented by an
EDB-predicatearc.

We do not discuss in details the expressivity ofAL-log, for which we refer to
(Cadoliet al, 1996), where the expressivity ofAL-log and similar languages is formally
addressed.
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3. Deduction in the Structural Component

As we said in Section 2.1, the fundamental deduction to be performed in the structural
componentΣ of anAL-log knowledge base consists of checking whetherΣ logically
implies Γ, whereΓ is either an inclusion or a membership assertion. Obviously a yes
answer to this problem is significant only ifΣ itself is satisfiable. Since the problem of
logical implication can be reformulated as an unsatisfiability problem, we only need to
check the satisfiability of anALC-knowledge baseΣ. Such a problem was first shown to
be decidable in (Doniniet al, 1991b), and the result was proved in a more general setting
in (Buchheitet al, 1993). We reformulate here results from both (Doniniet al, 1991b) and
(Buchheitet al, 1993), and show that checking the satisfiability of anALC-knowledge base
is a problem in NEXPTIME (i.e., it can be solved by a nondeterministic algorithm using
exponential time).

Our method, which takes into account both the intensional and the extensional level, is
an adaptation of first-order tableaux2 calculus (Fitting, 1990) to description logics, which
tries to build a model of anALC-knowledge baseΣ. The correctness of the method is
established in Theorem 1 by proving (in part 1) that the attempt to build the model preserves
the satisfiability ofΣ and (in part 2) by showing that if no contradiction shows up during
the construction, then from the tableau branch resulting from the calculus a model ofΣ can
be constructed. Finally, termination is proved in Theorem 3 by showing that each tableau
branch has a finite (exponential) size, and there are only finitely many tableau branches.

We introduce an alphabet of variable symbolsV together with a well-founded total or-
dering ‘≺’ on V. V is disjoint from other alphabets defined so far. The elements ofV are
denoted by the lowercase lettersx, y, z, and they are not to be confused with the variables
appearing in the Datalog clauses (denoted by uppercase letters). Variables account for indi-
viduals whose existence is required by some assertions, but which are not explicitly present
in the knowledge base.

In the rest of the section we use the termobject as an abstraction for individual and
variable (i.e., an object is an element ofO ∪ V). Objects are denoted by the symbolss, t
and, as in Section 2, individuals are denoted bya, b.

For the calculus, we use also assertions involving variables, i.e., an assertion is now a
syntactic entity of one of the formss : C, sRt, whereC is a concept,R is a role ands, t are
objects (either variables or individuals). Given anO-interpretationI, we interpret variables
using anI-assignmentα, which is defined as a function that maps every variable inV to an
element of∆I (not necessarily injectively), and every individual to itself (i.e.α(a) = aI

for a ∈ O).
An assertion of the forms : C is satisfied by the pair(I, α) if α(s) ∈ CI . An assertion

of the formsRt is satisfied by(I, α) if (α(s), α(t)) ∈ RI .
A tableau branchis a set of assertions (possibly involving variables) and inclusions. A

tableau branchS is satisfiableif there is an interpretationI and anI-assignmentα such
that (I, α) satisfies every assertion and inclusion inS. Obviously,Σ |= a : C if and
only if the tableau branchΣ ∪ {a : ¬C} is unsatisfiable andΣ |= C v D if and only if
Σ ∪ {x : C u ¬D} is unsatisfiable (wherex is a variable not appearing inΣ).

In order to check a knowledge baseΣ = 〈T ,A〉 for satisfiability, our technique starts
with a tableau branchS = T ∪ A, and adds assertions toS until either a contradiction is
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generated or an interpretation satisfyingS can be easily obtained from it. Assertions are
added on the basis of a suitable set of so-calledpropagation rules.

To avoid the introduction of an infinite number of variables, we filter them through an
equivalence criterion: Given a tableau branchS and two variablesx andy appearing inS,
we say thatx andy areS-equivalent, written x ≡S y, if they are involved in assertions
with the same concepts, i.e.,{C | x : C ∈ S} = {C | y : C ∈ S}.

To reduce the number of rules, we assume concepts to be in negation normal form (NNF).
Any ALC concept can be rewritten into an equivalent NNF concept by exploiting the
well-known logical equivalences:¬¬C ≡ C, ¬(C tD) ≡ (¬C) u (¬D), ¬(C uD) ≡
(¬C) t (¬D), ¬∃R.C ≡ ∀R.(¬C), ¬∀R.C ≡ ∃R.(¬C).

Thepropagation rulesare:

• S →u {s : C1, s : C2} ∪ S

if 1. s : C1 u C2 is in S,
2. s : C1 ands : C2 are not both inS

• S →t {s : D} ∪ S

if 1. s : C1 t C2 is in S,
2. D = C1 or D = C2,
3. neithers : C1 nors : C2 is in S

• S →∃ {sRx, x : C} ∪ S

if 1. s : ∃R.C is in S,
2. for every variabley in S, y ≺ x (hencex is not inS)
3. if s is a variable, there is no variabley in S such thaty ≺ s ands ≡S y
4. there is not such that bothsRt andt : C are inS

• S →∀ {t : C} ∪ S

if 1. s : ∀R.C is in S,
2. sRt is in S,
3. t : C is not inS

• S →v {s : C ′ tD} ∪ S

if 1. C v D is in S,
2. s appears inS,
3. C ′ is the NNF concept equivalent to¬C,
4. s : ¬C tD is not inS

• S →⊥ {s : ⊥}
if 1. s : A ands : ¬A are inS, or

2. s : ¬> is in S
3. s : ⊥ is not inS

The last condition of application of each rule ensures that a rule application is never
repeated twice, and is often implicitly assumed in tableau rules. Notice that the→∃-rule
requires the introduction of another variable in the tableau branch, and this could pose
problems for the termination of a procedure that repeatedly applies the rules, due to the
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presence of the inclusions of the formC v D. However, the application of the→∃-rule
is subject to Condition 3 involving the notion ofS-equivalence between variables, and this
condition is the basis for termination.

Rules are always applied to a tableau branchS either because inS there is an assertion
s : C (Condition 1), or, in the case of the→v-rule, because of the presence of an objects
in S (Condition 2). In this sense, we say that a rule isapplied tothe assertions : C or the
objects (instead of saying that it is applied to the whole tableau branchS).

The above propagation rules are applied by adopting a particular strategy of application,
which can be described as follows:

1. apply the→∃-rule only if no other rule is applicable;

2. apply a rule to a variable only if no rule is applicable to an individual;

3. apply a rule to a variablex only if no rule is applicable to a variabley such thaty ≺ x.

These criteria are listed in descending order of priority: e.g., ify ≺ x, the→∃-rule is
applicable toy, and another rule (say,→u) is applicable tox, producing a conflict between
first and third criterion, then the first criterion overcomes the third one, and the→u-rule is
applied tox.

The above strategy ensures that the variables are processed one at a time according to the
ordering ‘≺’. This achievesstability of the equivalence relation between variables: i.e., if
two variablesx andy appearing in a tableau branchS areS-equivalent and a rule can be
applied to a third variablez such that bothx ≺ z andy ≺ z, then after the application of
the rulex andy areS′-equivalent in the resulting tableau branchS′. Later on we show that
stability is important in proving termination and complexity of the calculus.

We assume that the propagation rules are always applied according to the above strategy.
Moreover, we call the→t-rule anondeterministicrule (see Condition 2 of the rule). All
the other rules are calleddeterministic. A tableau branch iscompleteif no propagation rule
can be applied to it. Aclashis an assertion of the forms : ⊥.

Observe that the above strategy does not lead to a unique choice of application of the
rules. The subsequent theorems prove that whatever choice of application (respecting the
strategy) is made, the calculus terminates and may yield a clash-free tableau branch if and
only if the initial tableau was satisfiable.

Theorem 1 (Correctness)

1. LetS be a tableau branch. Then:

• If S′ is obtained fromS by the application of a deterministic rule, thenS is
satisfiable if and only ifS′ is satisfiable.

• If the nondeterministic rule→t can be applied toS, andS′ andS′′ are the two
tableau branches that can be obtained fromS by the two choices in Condition 2 of
the rule, thenS is satisfiable if and only if eitherS′ or S′′ is satisfiable.

2. A complete tableau branch is satisfiable if and only if it contains no clash.
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Proof. The proof of the first part is a straightforward reformulation of soundness proofs
for tableau calculi. Regarding the second part, a tableau branch containing a clash is clearly
unsatisfiable. Hence,S is satisfiable only if it contains no clash.

Suppose nowS is complete and contains no clash. We are able to single out anO-
interpretationI and anI-assignmentα that satisfyS. Such a pair(I, α) is defined as
follows:

• ∆I = O ∪ VS , whereVS are the variables inS

• for every individuala : aI = a

• for every variablex:

– α(x) = y if x : ∃R.C ∈ S, x ≡S y and there is a variablez in S such that both
yRz andz : C are inS;

– α(x) = x otherwise

• AI={α(s) | s : A ∈ S}

• RI={(α(s), α(t)) | sRt ∈ S}.

We prove that(I, α) satisfies every assertion inS, by induction on the length of the asser-
tions.
Basic cases:

• if x : A ∈ S, thenα(x) ∈ AI by definition.

• if xRy ∈ S then(α(x), α(y)) ∈ RI by definition.

• if x : ¬A ∈ S, thenx : A 6∈ S, sinceS is clash-free. Moreover, ifx ∈ V, for all z such
thatα(x) = α(z), z : A 6∈ S sinceα(x) = α(z) if and only if x ≡S z. Therefore,
α(x) 6∈ AI by definition ofAI .

Inductive cases:

u) if x : C uD ∈ S then (sinceS is complete)x : C ∈ S, andx : D ∈ S. By inductive
hypothesis,α(x) ∈ CI , α(x) ∈ DI . Henceα(x) ∈ (C uD)I .

t) Similar to the previous case.

∀R.C) if x : ∀R.C ∈ S, then sinceS is complete, for ally such thatxRy ∈ S, y : C ∈ S.
If xRy ∈ S, then(α(x), α(y)) ∈ RI for the corresponding basic case. Moreover, if
y : C ∈ S thenα(y) ∈ CI by inductive hypothesis. Therefore,α(x) ∈ (∀R.C)I .

∃R.C) if x : ∃R.C, sinceS is complete one of the two following cases must occur:

1. there is an objectw such that bothxRw andw : C are inS. Then(α(x), α(w)) ∈
RI , andα(w) ∈ CI by inductive hypothesis.

2. x ∈ V and there arez, w ∈ V such thatx ≡S z, and bothzRw andw : C are inS.
By definition ofα, α(x) = z. Moreover,(α(x), α(w)) = (z, α(w)) ∈ RI , and
α(w) ∈ CI by inductive hypothesis.
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In both cases, we can conclude thatα(x) ∈ (∃R.C)I .

We now consider inclusions. SupposeC v D ∈ S. SinceS is complete, for each
objects in S, s : C ′ tD ∈ S, whereC ′ is ¬C rewritten in NNF. By the above induction,
α(s) ∈ (C ′ tD)I , that is,α(s) ∈ (¬C tD)I . HenceI satisfiesC v D.

In conclusion,(I, α) satisfies all assertions inS, andI satisfies all inclusions inS.
Therefore(I, α) satisfiesS.

We now show that the number of non-equivalent variables in any tableau branch derived
from a knowledge baseΣ is limited. To this end we define the number of different concepts
appearing inΣ.

The number of concepts appearing in an assertiona : C is 1 plus the number of all subcon-
cepts appearing inC, counting separately each occurrence of a concept. For example, ifC
is the conceptA u ∀R.∃R.A, thenC contains the conceptA (two times), and the concept
∃R.A, hencea : C contains 4 concepts.

Similarly, the number of concepts appearing in an inclusionC v D is 1 plus the number
of all subconcepts of¬C t D, after ¬C has been rewritten in an NNF concept—this
corresponds to how such an inclusion is dealt with by the→v-rule.

Thenumber of conceptsappearing in a knowledge baseΣ is the sum of the numbers of
concepts appearing in assertions and inclusions ofΣ.

Lemma 1 (Filtration) Let k be the number of concepts appearing in a knowledge
baseΣ, and letS be a tableau branch derived fromΣ by means of propagation rules,
applied according to the strategy. If inS there are more than2k variables, then there are
at least two variables that areS-equivalent.

Proof. Inspecting propagation rules one can verify that each assertionx : C ∈ S may
contain only concepts appearing inΣ. Since there arek such concepts, given a variable
x there cannot be more thank different assertionsx : C involving the same variablex in
S. Hence there are no more than2k non-equivalent variables—as many as the subsets of
concepts inΣ.

Given a tableau branchS and an objects, we say that a variablex is afiller for s if for
some roleR, the assertionsRx is in S.

Proposition 1 Let k be the number of concepts appearing in a knowledge baseΣ. In
every tableau branch derived fromΣ according to the strategy, for every objects there are
at mostk fillers for s.

Proof. The assertionsRx can be introduced inS only by an application of the rule→∃
to an assertions : ∃R.C, and the rule can be applied at most once to the assertion (see
Condition 4 of the rule). Moreover, each concept∃R.C is one of thek concepts appearing
in Σ. Hence, given an objects, the number of such assertions is bounded byk. Therefore,
given an objects there are no more thank assertions of the formsRx, that is, no more than
k fillers for s.

We now come to the key lemma for termination and complexity of the calculus.
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Lemma 2 Let k be the number of concepts appearing in a knowledge baseΣ, and letI
be the number of individuals inΣ. In every tableau branch derived fromΣ according to
the strategy, there are no more thanI · k + (k + 1) · 2k variables.

Proof. Let S be any tableau branch derived fromΣ using propagation rules applied ac-
cording to the strategy. Variables inS can be partitioned into equivalence classes according
to theS-equivalence relation. We make use of this fact in the following three steps of the
proof.

Step 1. Observe that the equivalence class of a variablex can change only because either
a rule→u,→t,→v, or→⊥ is applied tox, or Rule→∀ is applied to the objects for which
x is a filler. If s is an individual, then Criterion 2 of the strategy forces the application of
Rule→∀ to s before other rules are applied tox. If s is a variable, observe that Condition 2
in Rule→∃ (which introduces x) forcess ≺ x, hence also in this case Rule→∀ is applied
to s before all other rules are applied tox, because of Criterion 3 of the strategy. Therefore,
when a rule→u,→t,→v, or→⊥ is applied tox, no rule is applicable any more to an
individual or to a variable precedingx w.r.t.≺. Moreover, Criterion 1 of the strategy forces
the application of such rules before any variablez such thatx ≺ z is introduced through
application of Rule→∃. Hence, the equivalence class ofx does not change if there exists
a variablez such thatx ≺ z.

Step 2. We now prove that for any tableau branchS, in eachS-equivalence class only the
least variable w.r.t.≺may have fillers. Letx be the≺-minimal variable in anS-equivalence
class. By contradiction, suppose there exists a variablez such thatx ≺ z, andz has fillers.
Such fillers have been introduced through Rule→∃, applied in a previous tableau branch
S′. However, from Step 1 we know that the equivalence classes of bothx andz cannot
change afterS′, since inS′ other variables followingz w.r.t.≺ are introduced. Therefore,
if x andz areS-equivalent, they were alreadyS′-equivalent. But then, Condition 3 of Rule
→∃ was not satisfied inS′, so the rule was not applicable inS′, yielding a contradiction.

Step 3. Observe that variables in a tableau branch can be introduced only as fillers for an
object. According to Proposition 1, the least variable in every equivalence class has at most
k fillers. Since there are at most2k equivalence classes, from Step 2 there are at most2k

variables with fillers, and such fillers are at mostk · 2k in total. Moreover, each individual
has at mostk fillers. Globally, there are at mostI · k + (k + 1) · 2k variables, and the claim
follows.

From the above lemma, we now prove that any tableau branch obtained from a knowledge
baseΣ by the application of propagation rules has finite, exponential size w.r.t. the size of
Σ. To this end, we need the following definitions.

Thesizeof an assertion is the number of symbols appearing in the assertion. Observe that
assertions of the formsRt have constant size, while the size of assertions of the forms : C
is linearly related to the number of concepts inC. Also the size of an inclusionC v D is
the number of symbols in the inclusion, and is linearly related to the number of concepts
appearing inC v D. Finally, the size of a knowledge base is the sum of the sizes of all its
assertions and inclusions, and similarly for tableau branches. Observe that also the size of
Σ is linearly related to the number of concepts inΣ.

Theorem 2 Let n be the size of a knowledge baseΣ. The size of every tableau branch
derivable fromΣ according to the strategy isO(2cn), for some constantc > 1.
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Proof. First of all, both the number of concepts and the number of individuals inΣ
is O(n), hence from the above Lemma 2 the total number of objects in a tableau branch
derived fromΣ is 2c1n for some constantc1.

Each assertion of the formsRt has constant size. Ift is an individual, thensRt is already
present inΣ, hence the number of such assertions isO(n2). If t is a variable, thensRt has
been added by the rule→∃. From Condition 1 of the rule, one can verify that in this caset
is involved in at most one assertion of the formsRt. Hence the number of such assertions
is O(2c1n). Hence globally, the number (and the size) of assertions of the formsRt is
O(2c2n).

Each assertion of the forms : C has size proportional to the number of concepts inC.
SinceC itself is one of the concepts inΣ, the number of concepts inC is O(n), and so is
the size ofs : C. The number of different assertions of this form is bounded by the number
of objects2c1n times the number of concepts inΣ, which isO(n). Hence the total size of
these assertions isO(2c3n), for some constantc3.

Considering that the size of all inclusions is bounded byn, we conclude that the total size
of a tableau branch derived fromΣ is O(2cn).

From the above theorem, we conclude that our nondeterministic calculus requires expo-
nential time to build a complete, clash-free tableau branch.

Theorem 3 (Decidability and Complexity) LetΣbe anAL-log knowledge base,
and letΓ be either an inclusion or a membership assertion. DecidingΣ |= Γ is a problem
in NEXPTIME.

Our nondeterministic calculus can be turned into a deterministic one, by exploring the
whole tableau one branch at a time. Since there are exponentially many complete tableau
branches, we can conclude this section stating that deduction in the structural component is
decidable in doubly exponential time. Actually, from correspondences with Propositional
Dynamic Logic (De Giacomo and Lenzerini, 1994) it can be proved that the problem is
decidable in simple exponential time. However, the procedure stemming from such a result
requires to always build an exponential-size tree automata, and then check its emptiness.
Our tableaux-based method instead requires doubly exponential time only in the worst case.

4. Query Answering

In this section we describe the method used byAL-log for hybrid deduction, i.e. for
answering queries to a knowledge base. In particular, we first describe the notions of
constrained SLD-derivation and constrained SLD-refutation, and then exploit such notions
for devising a sound and complete method for hybrid deduction.

In the following we refer to a hybridAL-log knowledge baseK = 〈Σ, Π〉 and to a query
Q = q1, . . . , qn & β1, . . . , βm posed toK. If E is a constrained Datalog clause of the form
α0 : − α1, . . . , αn & β′1, . . . , β

′
h we callα0 theheadof E, i.e. the positive literal ofE.

Definition 1. [Constrained resolution] LetQ, E, α0 be as above, and letθ be the most
general substitution such thatα0θ = qiθ, whereqi is one of{q1, . . . , qn}. Theresolventof
Q andE with substitutionθ is the queryγ′′ & β′′1 , . . . , β′′k , where
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exam(paul,Y),subject(Y,Z),expert(john,Z)

subject(ai,Z),expert(john,Z)

& paul:St, Z:Tp, john:FM u ∃TC.AC

& paul:St, Y:Co, Z:Tp, john:FM u ∃TC.AC

& paul:St, ai:Co, Z:Tp, john:FM u ∃TC.AC

curr(paul,Z),expert(john,Z)

�
��

�
��

�
��

mayDoThesis(paul,john)

Figure 3. A constrained SLD-derivation

• γ′′ = (q1, . . . , qi−1, α1, . . . , αn, qi+1, . . . , qn)θ,

• thenew constraintsβ′′1 , . . . , β′′k are obtained fromβ1θ, . . . , βmθ, β′1θ, . . . , β
′
hθ by ap-

plying the following simplification: if there are two constraints of the formt : C, t : D
they are replaced by the equivalent constraintt : C uD.

We can now provide the definition of constrained SLD-derivation.

Definition 2. A constrained SLD-derivation(or simplyderivation) for a queryQ0 in K
is a derivation constituted by:

1. a sequence of queriesQ0, . . . , Qn;

2. a sequence of constrained Datalog clausesE1, . . . , En;

3. a sequence of substitutionsθ1, . . . , θn,

such that for eachi ∈ {0, . . . , n−1}, Qi+1 is the resolvent ofQi andEi+1 with substitution
θi+1. We calln the length of the derivation.

Figure 3 shows an example for a derivation of the querymayDoThesis(paul,john)in the
knowledge baseKuniv of Section 2.4.

A derivation may terminate with the last query of the form& β1, . . . , βm, which is called
constrained empty clause(or simply empty clause).
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Proposition 2 Let Q0, . . . , Qn be a constrained SLD-derivation forQ0 in K. If J is
a model ofK such thatJ |= Qi+1, thenJ |= Qi for i = 0, . . . , n− 1.

Proof. It follows from the soundness of SLD-resolution and the fact that the simplification
of constraints preserves validity.

As pointed out in (Baaderet al, 1990, Bürckert, 1994), in our framework, a derivation
of the empty clause with associated constraintsΓ does not represent a refutation, because
what is actually inferrable from such a derivation is that the query is true in those models
of K that satisfyΓ.

Therefore, in order to answer to a query, we must collect enough derivations ending with
a constrained empty clause, such that every model ofK satisfies the constraints associated
with the final query of at least one derivation. Let us formalize this notion as follows.

Definition 3. A constrained SLD-refutationfor a queryQ in K is a finite set of
constrained SLD-derivationsd1, . . . , dm for Q in K such that, denoting asQi

0, . . . , Q
i
ni

the
sequence of queries of thei-th derivationdi, the following conditions hold:

1. for eachi, Qi
ni

is of the form & βi
1, . . . , β

i
qi

, i.e. the last query of each derivation is a
constrained empty clause;

2. for every modelJ of K, there exists at least onei ∈ {1, . . . , m} such thatJ |= Qi
ni

;
we write this conditionK |= disj(Q1

n1
, . . . , Qm

nm
).

Figure 4 shows a set of two derivations for the querymayDoThesis(paul,mary)in the
knowledge baseKuniv, where each derivation ends with a constrained empty clause. It
is possible to verify that in every model ofKuniv either the constraints of the first empty
clause (i.e.paul : St, ai : Co, lp : Tp, mary : FM u ∃TC.AC) or the constraints of
the second one (i.e.,paul : St, mary : NF ) are true; therefore this set of constrained
SLD-derivations constitutes a constrained SLD-refutation.

Let us now show how the notion of constrainted SLD-refutation can be used for query
answering. LetQ be a query to a knowledge baseK. Following a standard terminology, an
answerθ toQ is called acomputedanswer ifQθ has a refutation inK. The set of computed
answers ofQ is called thesuccess setof Q in K.

Let us first check whether looking for constrained SLD-refutations is a sound and complete
method for checking if agroundqueryQ is a logical consequence of a knowledge baseK.
We writeK ` Q, if there is a constrained SLD-refutation forQ in K.

Lemma 3 LetQ be a ground query to a knowledge baseK. K ` Q if and only ifK |= Q.

Proof. The usual steps for proving correctness and completeness of SLD-resolution in
the logic programming framework can be reconstructed in our hybrid framework.
“⇒” SupposeK ` Q, i.e. the ground queryQ has a constrained SLD-refutation. Then,
for each derivation, ifJ is a model ofK that satisfies the constrained empty clause then
it satisfiesQ (by repeated application of Proposition 2); moreover, each modelJ of K
satisfies at least one of the constrained empty clauses. Then each model ofK satisfiesQ,
that isK |= Q.
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exam(paul,Y),subject(Y,Z),expert(mary,Z)

curr(paul,Z),expert(mary,Z)

& paul:St, Y:Co, Z:Tp, mary:FM u ∃TC.AC

subject(ai,Z),expert(mary,Z)

& paul:St, ai:Co, lp:Tp, mary:FM u ∃TC.AC

& paul:St, ai:Co, lp:Tp, mary:FM u ∃TC.AC
expert(mary,lp)

& paul:St, ai:Co, Z:Tp, mary:FM u ∃TC.AC

& paul:St, Z:Tp, mary:FM u ∃TC.AC

��

HHHHHHH

�
�

!!!!

�
�

& paul:St, mary:NFP

mayDoThesis(paul,mary)

�
�

Figure 4. A constrained SLD-refutation

“⇐” SupposeK 6` Q. Consider any derivation ofQ whose last query is a constrained
empty clause, and callQi

ni
= & βi

1, . . . , β
i
qi

its last query. If there is no constrained
SLD-refutation, then there is a modelJ of K such thatJ 6|= Qi

ni
, that is, there is a model

I of Σ such thatI 6|= βi
1, . . . , β

i
qi

.

Given the modelI of the structural partΣ, a monotone mappingTΠ,I : 2HB → 2HB

can be defined as follows. Given a setV ⊆ HB of ground atoms,TΠ,I(V ) is the set of all
ground atoms{L1, . . . , Lk} such thatLi is the head of a ground instanceδ′ of a clauseδ
in Π, I satisfies all constraints inδ′, andV contains all atoms in the body ofδ′.

TΠ,I is monotone, and its least fixpointlfp(TΠ,I) can be obtained by iteratingTΠ,I a
finite number of times, starting from∅. It can be verified thatlfp(TΠ,I), together withI,
identifies a model ofK.

Hence consider the modelJ ′ characterized byI andlfp(TΠ,I). It can be shown—by
induction on the construction oflfp(TΠ,I)—thatJ 6|= Q, and thereforeK 6|= Q.

The next theorem states that every answer in the success set forQ in K is correct with
respect toK, and vice versa.

Theorem 4 LetQ be a query to a knowledge baseK. The success set ofQ in K coincides
with the answer set toQ in K.

Proof. Since every answera in the answer set toQ in K is ground, it follows directly
from Lemma 3 thata is in the success set ofQ in K.



AL-LOG: INTEGRATING DATALOG AND DESCRIPTION LOGICS 249

To prove that the converse holds we still apply Lemma 3, but, additionally we must show
that every computed answer in the success set ofQ in K is such thatQθ is ground. Because
of the safety restriction, we have that every variable in the query is either substituted by
another variable that appears in the next query of the derivation when a conjunct is resolved
with a rule, or bound to a constant when a conjunct is resolved with a fact. Therefore, the
empty clause can be derived only if the variables in the query have been bound to constants.

Let us now turn to the method for answering queries inAL-log. First, it is easy to see
that the usual reasoning methods for Datalog allow us to collect in a finite number of steps
(actually in a number of steps which is polynomial with respect to the size of the extensional
level of the constrained Datalog program) enough constrained SLD-derivations forQ in K
to construct a refutation—if any.

Proposition 3 LetQ be a query toK. ThenK ` Q if and only if there is a constrained
SLD-refutation built by collecting all the constrained SLD-derivations ending with the
empty clause and whose length is bounded by a constant determined byK.

Proof. It is well-known (see for example (Ceriet al, 1990, p.120)) that SLD-resolution
for Datalog programs is complete if one computes the refutation trees up to a finite depth
depending onK. Since there is a straightforward one-to-one mapping between constrained
SLD-derivations and the Datalog derivations (obtained by ignoring the constraints), the
claim follows.

Given a refutation{d1, . . . , dn}, where each derivationdi ends with the constrained empty
clauseQi

ni
, it remains to verify whetherK |= disj(Q1

n1
, . . . , Qm

nm
). Clearly, once SLD-

derivations have been collected, only the structural componentΣ of theAL-log knowledge
base needs to be considered. Following Baader et al. (Baaderet al, 1990), we have that this
condition is verified if and only if for every set of assertionsa1 : C1, . . . , am : Cm such that
ai : Ci appears as a constraint inQi

ni
, Σ∪{a1 : ¬C1, . . . , am : ¬Cm} is unsatisfiable. This

problem has been proved to be decidable in the previous section, and one can perform the
check using at mostkm unsatisfiability checks onΣ, wherek is the maximum number of
constraints in eachQi

ni
, andm is the number of constrained SLD-derivations constituting

the refutation.

Theorem 5 Query answering inAL-log is decidable.

Proof. In order to answer a queryQ to the knowledge baseK, one can consider each
ground instanceQ′ of Q, collect the set of all constrained SLD-derivationsd1, . . . , dm

of bounded length (withdi = Qi
0, . . . , Q

i
ni

) for Q′ in K, and then check whetherK |=
disj(Q1

n1
, . . . , Qm

nm
).

5. Conclusions

We have presentedAL-log, a system integrating Datalog with description logics. We
considered a structural subsystem based on the languageALC and a relational subsystem
based on Datalog, extended by allowingALC-constraints in the body of the clauses.
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It is worth noticing that the choice of the specific languageALC used in our architecture
is not mandatory. In fact, other description logic languages, even outside theAL-family,
could be employed for our purposes. Obviously, the complexity of reasoning in the overall
architecture could be different.

The main goal of our work was to study a form of hybrid deduction over a knowledge
base with two components, one concerning structural knowledge on concepts and objects,
and the other one concerning relational knowledge on objects. The resulting reasoning
procedure is obtained by adding to the deduction procedure of Datalog special deduction
steps on the structural component.

As pointed out in the introduction, whileAL-log is highly expressive in the structural
subsystem, it is in fact still lacking some interesting features, such as the treatment of
negation in the relational subsystem, and the ability to use the relational subsystem to infer
knowledge about the structural component.

An extension ofAL-log to deal also with role assertions in the constrained Datalog clauses
has been studied in (Levyet al, 1996) within the systemcarin. It is been shown that such
extension is not straightforward, and that some restrictions must be imposed in order to
retain decidability of the reasoning services.

Several developments of our work are possible. First of all, an analysis can be carried
out in order to single out sublanguages ofALC that give rise to polynomial time of query
answering. Second, the relational language can be extended with a stratified form of
negation, and both the semantics and the method for hybrid deduction can be adapted
according to the characteristics of the enhanced relational component.
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Notes

1. Since no function symbols other than constant symbols are allowed in Datalog, constants and variables are
called terms.

2. A tableau branch was calledconstraint systemin e.g., (Doniniet al, 1991, Schmidt-Schauß and Smolka, 1991).
To avoid confusion between constraints in constraint systems and constraints in Datalog clauses, in this paper
we use the term “tableau branch” for a former constraint system.
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