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Abstract

Description logics (also called terminological logics, or concept languages) are fragments of
first-order logic that provide a formal account of the basic features of frame-based systems. How-
ever, there are aspects of frame-based systems—such as nonmonotonic reasoning and procedural
rules—that cannot be characterized in a standard lirst-order framework. Such features are needed
for real applications, and a clear understanding of the logic underlying them is necessary for
principled implementations.

We show how description logics enriched with an cpistemic operator can formalize such as-
pects. The logic obtained is a fragment of a lirst-order nonmonotonic modal logic. We show that
the epistemic operator formalizes procedural rules, as provided in many knowledge representation
systems, and enables sophisticated guery formulation, including various forms of closed-world rea-
soning. We provide an effective procedure for answering epistemic queries posed to a knowledge
base expressed in a description logic and extend this procedure in order to deal with rules. We
also address the computational complexity of reasoning with the epistemic operator, identifying
cases in which an appropriate use of the epistemic operator can help in decreasing the complexity
of reasoning. © 1998 Elsevier Science B.V.

Kevwords: Knowledge representation: Description logics: Epistemic operators; Nonmonotonic reasoning;
Closed-world teasoning: Query languages

1. Introduction

Frame-based systems are among the most widely used tools for the construction of
Artificial Intelligence systems. They are based on the idea that knowledge can be repre-
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sented by defining structural descriptions, called “frames”, which are arranged hierarchi-
cally, typically based on a generalization/specialization relation. The wide acceptance
of frames as representation framework has a twofold justification. Clearly, frames allow
the user to represent the taxonomies that arise in the construction of knowledge-based
applications. Moreover, the hierarchical organization of frames allows for several inter-
esting forms of reasoning, such as inheritance and classification, which are required for
problem solving.

A substantial amount of research has been carried out in the last decade with the aim
of providing a logical reconstruction of frame-based knowledge representation systems.
Although a first-order semantics of frames was well known (see [33]), much of this
work has taken place in the context of description logics (also called terminological
logics, or concept languages). Description logics have been developed after the work
of Brachman and others [6,8, 12], with the aim of providing a tight formal setting for
describing properties of both the representation language and the associated reasoning
procedures of frame systems. Description logics are fragments of first-order predicate
calculus that suffice to capture the logical content of frames and are limited enough
to allow for effective procedures that perform the reasoning tasks of interest (e.g.,
subsumption).

However, the first-order semantics leave out several features that are typically provided
in frame-based systems. The need for such features has often been discussed in the
literature (see, for example, [29,59]). They can be classified as follows:

e query features, such as those typical of database systems;

e nonmonotonic features, which allow one to make assumptions based on incomplete

knowledge;

e procedural features, which allow one to express knowledge in terms of procedural

rules, attachments, and methods.

In this paper we present an extension of description logics with an epistemic operator
that is interpreted in terms of knowledge in the style of Lifschitz and Reiter [40,51]
and show that in the resulting language we can effectively address all the above three
aspects, thus providing a formal basis for the behavior of implemented systems. The
correspondence between theory and practice is made concrete by referring to some of
the most recent frame systems based on description logics such as CLASSIC {10}, BACK
[49], LoOM [42] and CLASP [61]. The main contribution of the paper is therefore
a new common framework for a formal characterization of several aspects of frame
systems that are still lacking a clear semantic interpretation and techniques for the
associated reasoning tasks.

1.1. Representing knowledge with description logics

In description logics, concepts are used to represent classes as sets of individuals,
and roles are used to specify properties or attributes as binary relations. Typically, con-
cepts are placed into hierarchies determined by the properties associated with them.
More specific concepts inherit the properties of more general ones through the hierar-
chical structure. Concepts are often described through diagrams (e.g., see [12]), but
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Fig. I. The diagram representing the concept FatherOfSons in (he KL-ONE-style.

description logics provide formal languages, called concept languages, tor describing
the structure of concepts.

For cxample, the concept Father0fSons (see Fig. 1) can be modeled through the
concept expression Parent (1 Male M VCHILD.Male, which denotes the class of fathers
(male parents) all of whose children are male. The symbol “T7” denotes concept con-
Junction and is interpreted as sct intersection. Similarly one can use disjunction *“J” and
negation ~=", interpreted as set union and complement. The expression VCHILD.Male
denotes the set ol individuals all of whose children are male, thus specifying a prop-
erty which relates. through the role CHILD, individuals in the described class to other
individuals. Expressions ol the form VR.C arc called universal role quantifications.
Similarly, =CHILD.Male is an example of an existential role quantification, denoting the
set of individuals with at lcast one male child. The basic language that we consider
(called ALC, sce [56]) includes concept negation, conjunction, disjunction. universal
role quantification and existential role quantification,

One of the goals motivating the study of description logics is the design of efficient
methods for the classilication of concepts {60] according to the subsumption rclation.
Essentially, subsumption of concepts is defined as logical implication. Early algorithms
published in the literature and most of the procedures implemented in systems are bascd
on the idea of comparing the syntactic structure of the expressions denoting concepts,
Such a check is complete (with respect to first-order semantics) only for languages
with limited expressivity [8] and in general more powerful methods are required to
fully capture the logic of subsumption [56]. The subsumption problem has been studicd
for a wide range of concept languages [ 19,20,45,54,56] and the relationship between
the expressive power of languages and the computational complexity of reasoning about
concepts has been fully characterized (see [25]).

Knowledge bases combine intensional and extensional knowledge. The typical way
(first proposed in the system KRYPTON [7.11]) to realize this distinction is to divide
the knowledge base into two components, called “TBox™ (*“T” for terminology) and
“ABox” (A" lor assertions).

More specifically, the TBox contains concept definitions, which can be organized
in a taxonomy according to the subsumption relation. Typically, such definitions take
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the form A = C, where A is the concept name being defined and C is a concept
expression. As shown in [47], concept definitions are problematic from the point of
view of reasoning. However, usually they are required to be acyclic, so that one can
substitute the defined concepts with the corresponding definitions and perform the actual
reasoning on concept expressions. When the hierarchy is not deep, this way of treating
definitions is feasible.

The ABox contains knowledge about individuals specified as a set of assertions of the
forms C(a) or R(a, b), where C is a concept expression, R is a role, and @ denotes an
individual. For example, Male(andrea) asserts that Andrea is male. The system should
then provide methods by which one can query the knowledge base for the individuals
which are instances of a specified concept. Reasoning taking into account both the
ABox and TBox is generally more difficult than checking subsumption with respect to
the TBox [24,53].

1.2. Non-standard representational features

The setting just outlined does not address a number of aspects of knowledge rep-
resentation that are needed in practice and are often provided in an ad hoc way. We
have already mentioned at least three of them, namely query facilities, nonmonotonic
reasoning and procedural features, which we will address here.

Regarding query facilities, since concept expressions describe sets of individuals in
a knowledge base, it is natural to use concepts as queries. The result of such a query
comprises the set of individuals described by the corresponding expression. The use of
concept languages as query languages has been investigated in [4, 13, 15,36].

It has been argued that queries should be able to refer to aspects of the external world,
as represented by the knowledge base, as well as to aspects of what the knowledge base
knows about the external world (see [37,40,51]). The need for such a distinction is
evident when a knowledge base contains incomplete information about individuals. For
example, if we assert JFRIEND.Male(susan), the knowledge base cannot tell who is the
male friend of Susan although it can tell that there is one. The query language should
therefore allow one to express distinctly the query asking whether Susan has a male
friend and the query asking whether in the knowledge base there is a known individual
who is a friend of Susan. It is worth noticing that, for efficiency reasons, implemented
systems sometimes restritt the reasoning to the known individuals. However, these
systems do not provide the user with the ability to specify the distinction in the query
language.

Many Artificial Intelligence applications require the representation of incomplete
knowledge about a state of affairs. There are basically two ways through which in-
completeness can be expressed in description logics: existential quantification and dis-
junction. For example, we have already seen an assertion stating that Susan has a male
friend without specifying who Susan’s friend is. As an example of a disjunction, a
knowledge base may know that Andrea is a person and that every person is either male
or female, without knowing which one is Andrea’s sex. Note that such a disjunction can
be a piece of knowledge and not just an integrity constraint.
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From the very beginning, frame-based systems performed nonmonotonic inferences.
Several extension of basic description logics have been proposed that capture aspects
of nonmonotonic reasoning. For example |2,50,57] discuss the introduction of defaults
into the language. However, none of the existing proposals accounts for the forms of
closed-world reasoning that one finds in implemented systems { 10].

There arc several kinds of procedural features that are often combined with frame-
based knowledge representation languages. They range from procedural attachments or
daemons that allow onc (o trigger procedures for specific computations, 1o so-called
procedural rules that provide the ability to trigger forward reasoning on the knowledge
base. to the integration of description logics with Datalog rules (see [26,39]). Both
procedural attachments and procedural rules can be found in the system KEE [30].
Here we focus mainly on procedural rules, since we find them in systems based on
description logics such as CLASSIC [5, [0] and 1.OOM [42,43]. Procedural rules takc
the form C = D, where C and D are concepts. The meaning of a rule is “if an
individual is proved to be an instance of C, then derive that it is also an instance of D.”
Indeed, in some systems (see, ¢.g., [42]) concept definitions are mterpreted as rules of
the above kind, and are treated by forward reasoning procedures that, according to the
definitions, add asscrtions about the individuals in the knowledge base.

1.3. Approach, results and organization of the paper

In the paper we present an cepistemic description logic which allows us to give a
principled formalization of the non-standard features discussed above.

Recent work on data and knowledge bases exploils the use of epistemic operators
for improving both the expressiveness ol knowledge representation languages and their
associated querying facilities. The idea of using an epistemic query language was first
proposed by Levesque [371. Later, his framework was devcloped by Reiter [51], who
investigates the use of the epistemic language to specify integrity constraints and pro-
poses a method for query answering that is applicable 1o a class of logic programs. Even
though the use of the O (only knowing) operator around the knowledge basc makes
Levesque’s logic monotonic, both systems behave nonmonotonically, in the sense that
the method adopted may turn the answer to a query from “yes” into a “no” after adding
information to the knowledge base. This is because an implicit closure assumption is
made on the knowledge basc, when answering queries. This aspect is further investigated
in [38] and later in [401, where the closure assumption is made explicit and related to
the idea of maximal ignorance. which in wrn is analogous to that of minimal knowledge
[32.41].

The keystone of our proposal is a logic that is obtained by extending the description
logic ALC with an epistemic operator both on roles and on concept expressions and by
interpreting it in terms of minimal knowledge. The resulting epistemic description fogic
is called ALCK. which was presented in |21] and further discussed in {22]. Initially,
we use the epistemic language as a query language and assume that the knowledge
base is non-modal. Thus. our setting is similar to that of [51]. We also treat integrity
constraints similarly and our knowledge bases display an analogous nonmonotonic be-
havior. Subsequently, we admit epistemic sentences in the knowledge base in a very
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restricted form that is sufficient to model procedural rules and weak forms of concept
definitions.

As a result, our epistemic extension of description logics captures in a unified frame-
work many non-first-order features that are commonly available in frame-based knowl-
edge representation systems. This extension is both theoretically well-founded on the
work on epistemic logics and strictly related to some of the state-of-the-art knowledge
representation systems based on description logics.

In addition, we identify situations where nonmonotonic epistemic reasoning can ef-
fectively be used. In fact, we provide algorithms for answering epistemic queries in
different settings of practical relevance, corresponding to description logics of different
expressive power. Moreover, we provide a method for knowledge bases to reason with
a class of epistemic sentences corresponding to procedural rules and weak forms of
concept definitions.

The foundation of our proposal is the modal description logic ALCK (Section 2).
We develop a technique (Section 3) for answering epistemic queries expressed in
ALCK, which is an extension of the tableaux-based method, which has already proved
useful for solving reasoning and complexity problems in description logics. We then
present an extensive example (Section 4) showing that epistemic operators can be
useful for the design of more powerful knowledge representation systems based on
description logics. In addition, we show that the epistemic operator enhances the ex-
pressive power of query languages without increasing the computational complexity
of query answering (Section 5). We have also found interesting cases where the use
of epistemic operators allows one to express queries (not expressible in first-order
logic) that both have natural interpretations and are strictly less costly than their first-
order counterparts. We finally show (Section 6) how ALCK can be used to pro-
vide a semantic characterization of a representation mechanism present in a number
of frame-based systems, namely, procedural rules. Moreover, we show that epistemic
sentences provide an account for weak forms of concept definitions similar to those
found in other implemented systems. This formalization makes it clear that weak
definitions provide a form of incomplete reasoning that is both computationally ad-
vantageous, and semantically well-founded. We conclude the paper (Section 7) by
discussing the main outcomes and the further possible development of the proposed
approach.

2. The formalism
In this section we introduce the concept language ALC and its epistemic extension

ALCK. Although we restrict our attention to ALC, the epistemic extension can be
applied to other languages as well.

2.1. The concept language ALC

The concept language ALC (see [19,56]) allows one to express the knowledge about
the classes of interest in a particular application through the notions of concept and role.
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Intuitively, concepts represent the classes of objects in the domain to be modeled, while
roles represent relationships between objects. Starting with concept names and role
names, one can construct complex expressions by means of various concept-forming
opcerators.

The syntax and scmantics of ALC are as follows. We assume that two alphabets
of symbols are given, onc for aromic concepts, and one for atomic roles. The letter A
always denotes a concept name, and the letter P denotes a role, which in ALC is always
a name. The concepts (denoted by the letters C and D) of the language ALC are built
up according to the syntax rule:

D — Al (atomic concept)
T (top)
1 { bottom)

C11D| (conjunction)
CUD| (disjunction)

-C | (negation)
YP.C |  (universal quantification)
GP.C (existential quantification).

We use parentheses whenever we have o disambiguate concept expressions. For ex-
ample, we wrile (3P.D) M E to indicate that the concept £ is not in the scope of
4P.

A first-order interpretation T = (A% .-T) consists of a nonempty set A7 (the domain
of 7) and a {unction -Z (the interpretation function of 7) that maps cvery concept to a
subset of 47 and every role o a subset of 4% x 4% such that the following equations
arc satisfied:

TE= 4*
17 =,
(Crpyf=ctnpt,
(cup)y=ctup’,
(~CHyT=a"\ T,
vP.CV ={d, € AT | Vdy: (dy.dr) € PT — dy e CF),
(3P.CHYE=1{d, ¢ A7 | Ads: (dy.d>) € PEAdy € CT)L

A concepl is satisfiable il there exists an interpretation Z such that CZ is non-empty
and unsatisfiable otherwise. We say that C is subsumed by D it CT C DT for every
interpretation 7.

In knowledge representation systems based on description logics, the knowledge base
includes both an intensional part, called the “terminology” or simply the TBox, and an
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extensional part, called the assertional box or simply the ABox. The TBox is constituted
by a set of inclusion statements of the form

CLCD,

where C, D are concepts. Inclusion statements are interpreted as set inclusions: an
interpretation Z satisfies C T D if cZ c DT, An interpretation Z is a model for
a TBox 7 if it satisfies every inclusion in 7. As pointed out in [14], inclusions
are more general than definitions, since definitions like A = C can be expressed as
A C C and C C A. In particular, TBoxes consisting of arbitrary inclusion statements
may contain cyclic definitions, which are interpreted under so-called descriptive seman-
tics [45].

The ABox is constituted by a set of assertions that specify either that an individual
is an instance of a concept or that a pair of individuals is an instance of a role. Let O
be an alphabet of symbols, called individuals. Syntactically, assertions are expressed in
terms of membership statements of the form

C(a), P(ab),

where a and b are individuals, C is a concept, and P is a role. The assertion C(a)
means that g is an instance of C, while P(a, b) means that a is related to b by means of
P. In order to give a formal semantics to assertions, we extend the interpretation to the
elements of O. In particular, we interpret each individual by a unique domain element: if
a # b then a and b are given different interpretations (Unique Name Assumption). An
assertion C(a) is satisfied by Z if a* € CZ. Similarly, an assertion P(a, b) is satisfied
by 7 if (a%,b?) € PT. A first-order interpretation Z is a first-order model for an ABox
A if it satisfies every assertion in .A.

An ALC-knowledge base is a pair ¥ = (T, A), where 7 is a set of inclusion
statements, and A is a set of membership assertions whose concepts and roles belong to
the language ALC. A first-order interpretation Z is a first-order model for 3 = (T, A)
if it is a model for both 7 and A. We say that 3 is satisfiable if it has a first-order
model. The set of models of ¥ is denoted as M (2). The knowledge base I entails o
(written X |= o), where ¢ is either an inclusion statement or a membership assertion,
if every model in M(X) satisfies o

The most common kind of query to a knowledge base 3 is asking whether C(a) (or
P(a, b)) is entailed by Y. Notice that the semantics associated with concept languages
is an open-world semantics, that is, no world closure is assumed. Consequently, the
answer to a query Q will be YES if Q is true in every model for 3, NO if Q is false
in every model, and UNKNOWN otherwise. Query answering over ALC-knowledge bases
is easily reducible to satisfiability (see, for example, [14]). A calculus for knowledge
base satisfiability in ALC was first presented in [23] and shown to be complete and
terminating in nondeterministic exponential time [14].

2.2. The epistemic concept language ALCK

The epistemic concept language ALCK, proposed for the first time in [21], is
an extension of ALC with an epistemic operator K. Following [51], we use KC
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to denote the set of individuals known to be instances of the concept C in every
model for the knowledge base. The syntax of ALCK is the following (where C, D
denote concepts, R denotes a role, A denotes an atomic concept and P an atomic
role):

D — A (atomic concept)
T (top)
L (bottom)
C 1D | (conjunction)

C LU D| (disjuncuon)

= | (negation)
YR.C | (universal quantification)
SR.C | (existential quantification)
KC (epistemic concept)

R — P (atomic role)
KpP (cpistemic role).

The semantics of ALCK relies on a Kripke style possible-world semantics, as pro-
posed in [37,40,51]. Following an idea that can be traced back to Hintikka, we want
to interpret K as an epistemic operator. However, since we allow the epistemic oper-
ator K to appear inside and outside of quantified concepts 3R.C, VR.C, some issues
typical of first-order modal systems arisc. As noted by Fitting |31, p. 4201, there is no
single correct semantics, and the choice of a first-order semantics must depend on the
application.

In [37,40,51], all variables range over a fixed domain of “parameters”, interpreted
in the same way in every world. That is. there is an infinite set ol Rigid Designators,
and this is the domain for every world. Note that Rigid Designators enforce the Unique
Name Assumption we made in the non-modal setting of the previous section. Moreover,
having a constant domain allows us to interpret the concept KC as the same set in
every world, extending o the modal setting the idea of interpreting concepts as sets.
In summary, the choices ol a Constant Domain and of Rigid Designators arc the most
suitable for our modal first-order logic. This just amounts o say that the set of possible
individuals is fixed and known in advance, an assumption which is perfectly reasonable
in knowledge hases.

Of course, the same choices would not be appropriate it ALCK were used in an
application where individuals can be created and destroyed, or the referent of a name
can change depending on the world. However, up to now we do not envisage the use of
ALCK in such settings.

Following our choices, the domain of cach interpretation is the sct of all individuals
©. Therefore, rom now on @ = 47 and, consequently, we denote the interpretation of
a simply as a iself.
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An epistemic interpretation is a pair (Z,W) where Z is a first-order interpretation
and W is a set of first-order interpretations. Every epistemic interpretation gives rise to
a unique mapping -V associating concepts and roles with subsets of © and @ x O,
respectively, such that the following equations are satisfied:

TIW . 0,
LW =9,

AI,W — AI,
PI,W — PI,

(Cupy*W=ctWuprVv,

("C)I"W=O\CI‘W,
(VR.C)TW={aec O|Vb.(a,b) € REW — be CTW},
(3R.CYIW={aec O] 3b.(a,b) € RFWY Abe CTW},

(KCYPW= () (cTW), (1)
JeW

(KPYTW = () (PT7). (2)
Jew

Notice that, since the domain is the same in all first-order interpretations belonging
to W, it is meaningful to refer in (1) and (2) to the intersection of the extensions of a
concept in different first-order interpretations. It follows that KC is interpreted as the set
of objects that are instances of C in every first-order interpretation belonging to W. In
this sense, KC represents those individuals known to be instances of C in W. Observe
also that if one discards K and W in the equations, one obtains the standard semantics
of ALC.

An ALCK-knowledge base ¥ is a pair (7, .A), where 7 is a set of inclusion state-
ments, and A is a set of membership assertions whose concepts and roles belong to the
language ALCK.

Inclusion statements are interpreted in terms of set inclusion: an epistemic interpre-
tation (Z, W) satisfies C T D if CT-W C DTW. An epistemic interpretation (Z, W)
satisfies a TBox 7 if it satisfies every inclusion in 7.

An assertion C (a) is satisfied by (Z, W) if a € CTW. Similarly, an assertion P(a, b)
is satisfied by (Z,W) if (a,b) € PTW. An epistemic interpretation (Z, W) satisfies
an ABox A if it satisfies every assertion in A.

An epistemic model for an ALCK-knowledge base ¥ = (T, .A) is a maximal non-
empty set W of first-order interpretations such that for each 7 € W, the epistemic
interpretation (Z,W) satisfies both 7 and A. An ALCK-knowledge base ¥ is said
to be satisfiable if there exists an epistemic model for ¥, unsatisfiable otherwise. The
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knowledge basc ¥ logically implics an assertion o, written ¥ = o, if for every epistemic
model W ot ¥, we have that for every 7 < W, the epistemic interpretation (Z, W)
satisfies o

Note that the maximality of W rules out proper subsets of W as cpistemic models,
even if for cach 7 € W. the epistemic interpretation (Z, W) satisfies both 7 and A.
This maximality condition is intended to capture the idea of minimizing knowledge.
In fact, by adding an interpretation to a set W one can falsify any sentence that is
satsfied in W, thus reducing the set of known facts. Notice that the semantics of
an ALCK-knowledge buase can be rephrased in terms of an accessibility relation on
a set of possible worlds, cach of which is a first-order interpretation. More specifi-
cally. each epistemic model can be viewed as a possible-world structure in which cach
world 15 connected with all the others. Therefore, the accessibility relation would be
an equivalence relation. as in the modal system S5. Based on this property. the epis-
temic modcels of a knowledge base correspond 1o those S5-models with a maximal
set of worlds (i.c., such that no world can be added without compromising the prop-
erty of being a model). In particular. in [27,28,44] it is shown that the semantics of
ALCK corresponds to that of the ground nonmonotonic version of the modal logic S5
(see [35]).

Next we introduce the notion of answer to a query. Given an ALCK-knowledge base
¥, an ALCK-concept C, and an individual a, the answer to the query C(a) posed to
v

e YES, it ¥ & C(w).

o NO.if ¥ & —C(a).

o UNKNOWN otherwise.

Moreover, il we denote as Oy the set of individuals appearing in ¥, then the answer
set of C with respect to ¥ is the set of individuals {a € Oy | ¥ = C(a)}. Notice
that, in the answer set, we consider only individuals appearing in the knowledge base,
as customary in guery answering systems.

Following [37.51] we initially {Scctions 3-5) do not admit the epistemic operator
in the knowledge base, and consider the problem of answering epistemic queries 1o a
non-modal knowledge base, focusing on knowledge bases without TBox. We use the
symbol X to denote such special knowledge bases. Therefore, from this point on, we
assume a knowledge base Y to be just a sct of membership assertions (1.e., an ABox)
in ALC.

We then consider TBox statements in Sections 6.2 and 6.3, where we introduce the
notion of rule, which is captured by @ particular class of epistemic sentences in the
TBox.

Observe that, il Y is an ALC-knowledge base, t.e., it does not contain epistemic
operators, then its unigque epistemic model is M(2). In the following section we
develop a calculus or answering epistemic queries (i.e., queries of the form C(a),
where C is an ALCK-concept) to an ALC-knowledge basc. To this end we cexploit
the following property: for any ALCK-concept C. individual a, and ALC-knowledge
base Y it holds that X }= C(a) if and only if there is no T & M(3) such that
the cpistemic interpretation (Z. M(3)) satislies XU {—~C(a)} (see also Proposi-
tion 3.1).
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3. The calculus for answering queries

Methods for answering epistemic queries were designed in [3,37,51]. In [51] a
procedure is presented that is sound and complete if the query satisfies some syntac-
tic constraints. However, not all epistemic concepts belonging to ALCK satisfy those
constraints; for example, the formula corresponding to 3P.—KC(a) is not admissible
in [51]. The method proposed in [37] has been conceived within the more general
framework of first-order predicate calculus augmented with the epistemic operator, and
its specialization to the case of description logics does not yield an effective procedure.
The approach is further developed in [3], where an epistemic concept language based
on the language of CLASSIC is studied. The method proposed for query answering is
based on a translation of the epistemic query into an equivalent first-order query. How-
ever, the concept language is much less expressive than ALC. Therefore, none of the
previous approaches can be directly applied to our setting.

In this section we present a general method for answering epistemic queries to an
ALC-knowledge base. The method computes with so-called constraint systems, which
are closely related to tableaux branches in tableaux-based calculi. We introduce constraint
systems and study their properties in Section 3.1. Constraint systems are manipulated
by completion rules, which are introduced and discussed in Section 3.2.

3.1. Constraint systems

We recall that @ is the alphabet of individuals. Generic elements of O are denoted
as a, b, ¢, d, e. We also introduce V, a set of variables, denoted by x, y. The elements
of ® UV (called objects) will be denoted by w, z. A constraint is a syntactic structure
of one of the forms

w:C, wRz,

where C is an ALCK-concept and R is an ALCK-role. A constraint system is a finite
set of constraints of the above forms. Observe the strict analogy between constraints
and membership statements, and between constraint systems and ABoxes.

We denote by Oy the set of individuals appearing in a constraint system S. In order
to assign a meaning to constraints, we need the following definitions. An assignment
a(-) is a function from V U O to O such that for each d € O we have a(d) =d. Let
(Z, W) be an epistemic interpretation, and let « be an assignment. The triple (Z, W, )
is said to satisfy the constraint w: C if a(w) € CTW. Similarly, (Z, W, @) satisfies the
constraint wR z if (a(w),a(z)) € RTW. Let S be a constraint system. The triple
(Z.W, a) is a solution of S if (Z,W,a) satisfies all of its constraints. If 3 is an
ALC-knowledge base, then S is said to be 3-solvable if there is a triple (Z, M(23), @)
that is a solution of S. If there is no such solution, then S is said to be 3-unsolvable.

Given an ALC-knowledge base 3, we define Sy to be the constraint system that
includes one constraint a: C for each assertion C(a) of 3, and one constraint a P b for
each assertion P(a,b) of 3 (see [34]). The next proposition shows that answering
an epistemic query posed to an ALC-knowledge base 3 can be reduced to checking a
particular constraint system for 3-unsolvability.
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Proposition 3.1. Let X be an ALC-knowledge buse. C an ALCK-concept, and a an
individual. Then, X &= C(a) if and only if Sx U {a:=C} is S-unsolvable.

Proof. Since I contains no epistemic operator it has just one epistemic model, namely
M(Y), the set of all its first-order models.

(=) Supposc that the constraint system Sy U {a:~C} is Y-solvable. Then there is
a triple (I, M(X),a) that satisties all constraints in Sy U {a: —~C}. Since the triple
satisfies Sy, we have that Z € M(X). This implies that (Z. M(3)) is an ¢pistemic
interpretation that does not satisfy C(a). Hence Y & C(a).

(«<=) Assume that X B C(«a). This means that there is an epistemic interpretation
(Z, M(2)) with 7 & M(2Y) that does not satsfy C(a). Hence, (Z, M(2)) satisfies
=C (a). Obscrve that SyU{a: ~C} contains no variables. Thus, {or any assignment a. the
triple (Z. M(X), ) is a solution of SyU{a: ~C}.ie., SyU{a:=C} is Y-solvable. [

An ALCK-concept is said to be in negation normal form if every negation appearing
in it is either of the form A or ol the form ~KC. It is casy to see that every ALCK-
concept can be rewritten in linear time into an cquivalent concept in negation normal
form (sce [561). which we call rhe ncegation normal form of C. In the rest of the
paper we assume that all concepts are in negation normal [orm unless stated otherwise.
In particular, we assume that concepls in constraint systems are in negation normal
form.

In the tollowing we prove a number of propertics of constraint systems that have to
do with the role played by the individuals. We start by considering constraints on roles
and show that there is a direct correspondence between constraints on roles and their
interpretations in the epistemic models of the knowledge base.

Lemma 3.2. Ler X be a satisfiable ALC-knowledge base. a, b two individuals in O,
and P an atomic role in X. Then a Pb & Sy if and only if (a,b) € PTMY for all
first-order models T & M(Y),

Proof. (=) If «P b e Sy, then P(u.b) i1sin 3, and ¥ &= P(a,b). Hence, (a.b) €
PL-M2) for every first-order model 7 € M(3).

(4=) We show that it « P b ¢ Sy then there is some 7 € M(Y) such that (a, b) ¢
PI.M( N

Since X is satisfiable, it follows from the results in [ 1] that there exists a first-order
model 7 of X such that the extension of cvery atomic concept A and every alomic
role Q is finite. If (a.b) ¢ P7-M) then the claim follows, Otherwise let ¢ € O be
an individual not appearing in the extension of any A or Q in Y. We construct the
first-order interpretation Z in such a way that the only difference with 7 is that d is
added to the extensions of concepts and roles in 7 so that d behaves exactly as b in 7,
except tor the role P, where 2 is replaced by d:

e for cvery atomic concept A, let

A7 it b A,

At = ]
AT Uld)y irhe AT,
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o for every role Q # P, let

(07 U{(c,d) | (¢,b) € 07}

U{(d.c) | (b,c) €7} if (b,b) ¢ Q7F,
0% ={ 07 U{(c.d) | (c.b) €07, c # b}

u{(d.c) | (b,c) € @7, ¢ # b}

(L u{{d,d)} if (b,b) € 0T,

o let PT = (P7\ {(a,b)}) U{(a,d)}.

Now, one can verify the following two claims for every concept C by a simultaneous
induction on the structure of concepts:

(i) ¢ € €7 if and only if ¢ € CZ, for every individual ¢ with ¢ # d,

(ii) b e €7 if and only if 4 € CZ.

Since J is a model of X, this implies that Z, too, is a model: In %, the individual
d does not appear in any constraint. Hence, Z satisfies every constraint of the form
¢:C in 3. By construction, Z also satisfies every constraint of the form c¢Q ¢’ and
cPc. O

We now show that the interpretation of the individuals which do not occur in a
constraint system S is immaterial, that is, given a pair of such individuals, by exchanging
them in a solution of S one obtains another solution of S. We first prove a preliminary
result concerning the exchange of individuals in the models of a first-order knowledge
base. To this end we need the following definitions. For every pair d, e of elements of
@, we define a function p,,.: O — O by:

® pi.(d) =e, pa.(e) =d,

e py.(a) :=a for any other a € O.

Obviously, py. is bijective, and py, © pa,. is the identity on O.

Let 3 be an ALC-knowledge base. For any first-order interpretation Z of 3, we define
Z4,. as follows:

o AT ={py.(a) | ac AT} for every A,

o PTic = {(pge(a), pae(b)) | (a,b) € PT} for every P.

According to this definition, Zy, is the first-order interpretation obtained from I by
swapping d and e in the extension of each concept and role. The next lemma proves
that, if d and e do not appear in 3, then the property of being a first-order model for %
is preserved by the swapping.

Lemma 3.3. Let 3 be an ALC-knowledge base, and let d,e € O\ Os. If T € M(3),
then T;, € M(2).

Proof. By definition of Z,,. the first-order interpretations Z and Z;, are isomorphic
and py. is an isomorphism from Z to Zy,. (see [58, Definition 3.3.1] for the definition
of isomorphisms between interpretations). The Isomorphism Lemma of predicate logic
says that isomorphic interpretations satisfy the same sentences [58, Lemma 3.3.3]. Since
3 can be expressed as a set of first-order sentences, this yields the claim. O
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From the above lemma, we can casily prove that for any ALC-knowledge base Y,
and for any pair d.e ¢ O.. the operation -4, of exchanging ¢ and ¢ in a f{irst-order
interpretation is a bijection on M(X). Formally, this is expressed by the following
lemma.

Lemma 34. Let X he an ALC-knowledge base, and d, e € O\ Os.
(1) For each T € M(X). there exists a J € M(XY such that T, = T.
() Af Tye =T, then T =T forany J. J' & M(3).

Proof. To prove the first part. let J = Zy,.. Lemma 3.3 implies that Z;, < M(3).
Morcover, Ty = (Zy.)ae =2 by the definition of py..

To prove the second part, suppose that Jy, = J; . Then 7 = (Ty)ie = (T Vde =
g0

Our next goal is to prove that il a constraint system S s satisfied by a triple
(Z, M(X),«), then any other triple obtained by exchanging a pair of individuals
appearing neither in Y nor in S satisfics S too. Obscrve that. differently from 3. the
constraint system S may contain epistemic concepts and roles. Therefore, we next ad-
dress the effects ol applying py. in the framework of epistemic interpretations. With
abuse of notation we write py, applied o sets of elements of O o denote the set
resulting from the application of’ p,. to every element of the set. Similarly. when py,
is applicd to the interpretation of a role, it denotes the set of pairs obtained by applying
Pu.c 1o cach element of every pair.

Lemma 3.5. [Ler Y be an ALC-knowledge base, and ler d.e &€ O\ Ox. Then for any
ALCK-concepr C and any ALCK-role R we have

(i) C:f/ M) Put o C‘I.;V'ﬂ ) ) = {l"il‘(‘ (¢) ¢e CI..‘\/I( ) }

(ii) RZ,,, My Pll.z»( RI.,\A(J':) - {(Pd.r((’)- Pd.w((‘/) ) | ((,‘ (,") c RI._M{A,\}.

Proof. Note that, if concepts and roles did not contain epistemic operators, the lemma
would be a consequence of the Isomorphism Theorem for predicate logic (cf. prool of
Lemma 3.3). For the sake of completeness. we provide a full proof of the lemma, The
proof is by induction on the structure of concepts and roles.

For T and L the lemma obviously holds. For atomic concepts and roles, the claim is
an immediate consequence of the definition of Z,,. For concepts of the form Cy Ui Ca,
C, MGy, and —-C. we exploit the identities

J 2 ~ T A ~ T M2 TA(L
CII.M( ) (’21 1Y) (IJ 1 JU(wZI 1 ))‘

p(/,('( )L P./.w( )= /)(/.4'(

- TAMN) Y - T.Mix N TAM(Y) oy o DM
P (O 0 pg (O = py (GG h.
. o T MY T MY
O\ pr (CTM ) = pg (0N O,
All three identities follow from basic set theoretic results about set operations and

mappings. Note that the first identity holds for arbitrary mappings while for the second
and third we need that p, . 1s a bijection on O,
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As an example, we give a complete proof for concepts of the form —C:

ﬂCIrI,(',M(d‘-.) =0 \ CI“""M(‘\")

=0\ py (CETMP))
= pae(O\ CTFMD)

= P (~CTMD).

Here, the first and the fourth identity follow from the definition of epistemic interpreta-
tions, the second one uses the induction hypothesis, and the third one has been explained
above.

Now, consider concepts of the form IR.C. For an arbitrary a € O we have a €
(3R.C)Fe-M) if and only if there is an element b such that (a,b) € R M(2)
and b € CZe-M(2)_ By the induction hypothesis, this holds if and only if there is a b
such that (a,b) € pue(RTMYy and b € py(CHMP), which can be rewritten as
(pzi(a), pg.(b)) € REM) and pye(b) € CTMX The latter means that piela) €
(FR.C)YT-M(2) | Given that py, is bijective, this is equivalent to the statement that
a € pue((IR.CYTM)), Since a was chosen arbitrarily, this shows the claim. For
concepts of the form VR.C the proof is similar.

Finally, we consider epistemic concepts and roles. For epistemic concepts we can
derive the following sequence of identities:

(KC)I(I.('»M( 5 I ﬂ cI M)
TJeM((Y)

- n C T M)
TEM(2)

= (] pu(CTM)
JEM(L)

cou( ) €T
TEM(2)

= pg o ((KC)Tae M2y,

Here, the first and the fifth identity follow from the definition of epistemic interpretations
(Eq. 1), the second relies on the fact that -4, is a bijection on M(3) (Lemma 3.4),
the third one uses the induction hypothesis, and the fourth one follows from basic set
theory, since pg. is a bijection on O. The case of epistemic roles is analogous. ]

We are now ready to prove that by exchanging in a solution a pair of individuals not
occurring in the constraint system, we obtain another solution of the constraint system.
For any assignment a, we define @y, as follows:

o ay.(y) = pa.(a(y)) for every variable y,

e a4.(a) :=a for every individual a.

Note that ay is still an assignment.
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Lemma 3.6. Ler X be un ALC-knowledge base, S be a constraint system and d, e be
any pair of individuals in O\ (Osg U Ox). If (T.M(3). ) is a solution of S, then
(Zy o M), a4 Is also a solution of S.

Proof. First, observe that for any object w occurring in S, we have that «y, (w) =
pa.r(a(w)). Indeed, if w is a variable, then the equality holds by definition; if w is
an individual, then w # d and w # e, and therefore, a . (w) = a(w) = py.(a(w)).
by the definition of p, .. Based on this property, we prove that if a constraint of S is
satisfied by (Z, M (X)), «), then it is also satistied by (Zy .. M(2), ag,).

Let wiC be a concept constraint in S, (2, M(X), @) satisties w: C, then a(w) &
CTMD Hence, pyola(nw)) © pro(CTMEY Now, py,(a(w)) = ay,(w) as shown
above, and /),,,(,((*I"’\‘“:’) = Lo M by Lemma 3.5. Thus, a,.(w) € (LMY
which implics that (Z, .. MY}, ay,) satisfies w: C.

The proof tor role constraints wy Rw» 1s similar. [

3.2. Completion rules

Our method to answer an epistemic query posed o an ALC-knowledge base Y is
based on checking the 3-solvability of the constraint system associated with the query.

In order to check the X-solvability of a constraint system, we apply a set of so-called
completion rules o it, and then verity whether the resulting system is free of obvious
contradictions (called “clashes™ and to be detined later on).

We say that w Rz X-holds in a constraint system S if either

(1) Ris P,and wPz =5 or

(1) Ris KP,w, - €O, and wP 7 & Ss.

Morecover, if « is an individual and v is a variable, then we denote by S|x/al the
constraint system obtained from § by substituting every occurrence of x with «.

The sct of completion rules we use is the following (S denotes a constraint system):

(i) §—n {w:Cy, w-C}US
i w:Cy MGy s in S, and w: €y and w: Ca are not both in S,
(ity S—_ {wmD}uUS
it w:C) o Cyisin S, neither w: Cy nor w:Cr is in S, and D =C, or D = (>,
(i) S =3 {wRx, :C}US
it widR.C is in S, there 1s no 2 such that both wR z and z: C are in §, and x
Is a new variable.
(iv) § =y {z:C}US
i w:7R.C s in S, w Rz Y-holds in §, and z:C is not in S,
(v) S —k Slx/al
it x: —=KC, x: KC. x KPw, or wKP xisin S, and ¢ € Os U Oy U {1}, where ¢
is any of the individuals in O\ (OsU Oy).

Observe that the applicability condition of the last rule —g not only refers to §
but also to O and . In other words, the rule is parametric with respect to O and
Y. However, since they are both always fixed and clear from the context, in order to
simplify our notation we omit these parameters from the specification of the calcu-
lus.
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The next proposition states that the application of any completion rule preserves the
3-solvability of a constraint system.

Proposition 3.7. Let 3 be an ALC-knowledge base, and let S,S' be two constraint
systems. Then:

(i) If §' is obtained from S by the application of one of the rules —pn, —3, —vy,
then S is 3-solvable if and only if §' is 3-solvable.

(ii) If the —y-rule can be applied to S, and S’ and S" are the two constraint
systems that are obtained from S by choosing D = Cy or D = C; respectively in
the conditions of the rule, then S is 3-solvable if and only if either §' or S is
X-solvable.

(iii) If 8’ is obtained from S by the application of the —g-rule, then S is 3-solvable
if §' is 3-solvable. Furthermore, if S is -solvable and the —g-rule applies to
a constraint in S, then the rule can be applied to that constraint in a way that
vields a 2-solvable constraint system S’

Proof. The proof of (i) and (ii) easily follows from the results in [14,56]. Let us
focus on the proof of (iii).

(<) Let 8" = S[x/a], and suppose that S’ is 3-solvable. Let (Z, M(Z), a) be one
of its solutions. Let &’ be the assignment that coincides with « except that a(x) = a. It
is easy to see that (Z, M(ZX),a’) is a solution of S.

(=) If § is X-solvable, then there is a triple (Z, M(ZX),a) that satisfies every
constraint in §. We show that for some a € Oy U O3 U {¢}, where ¢ is any of the
individuals in O\ (OsUQO%), the constraint system S[x/a] is Z-solvable. We distinguish
between two cases.

In the first case, there is an a € Og U Oy such that a = a(x). It is obvious that in
this case (I, M (%), a) satisfies S[x/a] too, i.e., S[x/a] is 3-solvable.

In the second case, a(x) = d, and d ¢ (OsU Oy). By Lemma 3.6 we have that
(Zyps M(2),@y,) is a solution of S. Since ay,(x) =, the constraint system S[x/¢]
is 3-solvable. [

A constraint system is said to be complete if no rule is applicable to it. Any complete
constraint system obtained from a constraint system S by applying the above rules is
called a completion of S. Notice that, due to the presence of the nondetermistic rules (the
— - and the —,-rules), more than one completion can be obtained starting from one
constraint system. To check the solvability of the constraint system, we now introduce
the notion of 3-clash.

Let 3 be an ALC-knowledge base, and let S be a constraint system. Then S is said
to contain a S-clash if at least one of the following conditions holds:

(i) S contains a constraint of the form w: L;
(11) S contains two constraints of the form w: A, w: —A;
(ii1) S contains a constraint of the form a: KC, and there is at least one completion
of SyU{a: C’} without I-clashes, where C’ is the negation normal form of —C;
(iv) S contains a constraint of the form a: ~KC, and every completion of SyU{a: C'}
contains a 3-clash, where C’ is the negation normal form of —C;
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(v) S contains a constraint of the form ¢« KP b, and aP b ¢ Sy.

The completion caleulus and the notion of clash are defined in such a way that
constraint systems containing a clash are guaranteed to be unsatisfiable. The idea behind
the — g-rule is that in principle. all the infinitely many objects of the domain would have
to be substituted inte a constraint with the K-operator when looking for an individual
that satistics the constraint. However, one can proceed in a much more clever way. It
suffices to test those individuals that already have been mentioned and one which is a
representative for those that have not. We illustrate the need to test ¢ in addition to the
individuals present in a constraint system with the help of two examples.

Example 3.8. Supposc Y = {Student(susan)} and consider the concept
C = YFRIEND.KStudent
as a query on the individual susan. It is straightforward to see that

N £ YFRIEND.KStudent(susan).

The constraint system S = Sy U {susan: C'}, where €7 is the negation normal [orm
of =C, is the following one:

§ = {susan: Student, susan: “FRIEND.—~KStudent}.

[t 1s satisficd by any triple (Z. M(2X).«) with an interpretation Z where Susan has a
friend other than herself.
Applying the completion rules to S we obtain the constraint system

S; =S U {susanFRIEND .y, x:~KStudent}.

Because of the constraint x: =~KStudent, we must find a substitution for the variable x.
The only individual in O~ Oy is susan. Substituting susan for x yiclds the constraint
system

Sy = SiU{susanFRIEND susan, susan: ~KStudent}.
The system §» is clash free if and only if some completion of
§5 =58, U {susan: Student} = {susan: Student. susan: ~Student}

is clash free. However, 85 contains a clash.
Substituting ¢ for x yields the constraint system

S3; = SU {susanFRIEND:, ¢:--KStudent}.
The system S; is clash free if and only if some completion of

§Y =Sy iJ{u: ~Student} = {susar: Student. ¢: ~Student}
is clash tree. Obviously, S% is clash free and complete.

The next example shows that it i1s necessary to use different ¢s, when there is more
than one variable to be substituted. In other words, 1t is necessary to take into account
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the individuals previously introduced in the constraint system where we make the sub-
stitution. It follows that we must pick the individual ¢ in O\ (O5UOy) and not simply
in O \ O;.

Example 3.9. Suppose ¥ = {Student(susan)} and consider the concept
C = VFRIEND.(KStudent LI —Male) LI YFRIEND.( KStudent | Male).

We want to check whether 3 |= C(susan). Let C’ be the negation normal form of ~C.
The constraint system S = Sy U {susan: C'} is

§ = {susan: Student, susan: JFRIEND.(—~KStudent [ Male)
M IFRIEND.(—KStudent M —Male)}.

Applying the completion rules to S we obtain the constraint system

S1 = SU {susanFRIEND x, x:—~KStudent, x:Male,
susanFRIENDy, y:—~KStudent, y:-Male}.

The constraints on each of the variables x,y force them to be different from susan,
since, according to %, susan is known to be a student. Hence, the only way to obtain
a clash free completion is to substitute ¢s for x and y. Since no individual can be male
and not male at the same time, we have to substitute two distinct objects ¢, ¢; with
t; # t: the constraint system S;[x/¢;]1[y/e2] is clash free. This reflects the fact that
3 B C(susan).

3.3. Decidability

We conclude this section by showing that 2-solvability of ALCK-constraint systems
is decidable. The next theorem enables us to check whether a complete constraint system
is 2-solvable, by looking for 3-clashes.

Theorem 3.10. Let 3 be an ALC-knowledge base, and let S be a constraint system.
Then S is 3-solvable if and only if there exists at least one completion of S that contains
no X-clash.

Proof. The proof is by induction on the number k¥ of occurrences of the epistemic
operator in the constraint system. If k£ = 0, then the theorem follows from the results in
[1]. For k > 0, the induction hypothesis tells us that any constraint system S’ with h
occurrences (where i < k) of the epistemic operator is Y-solvable if and only if there
is a completion of §’ that contains no S-clash. Let S be a constraint system with
occurrences of the epistemic operator. We prove two claims.

Claim 1. [f there exists at least one completion of S that contains no 3-clash, then S
is 3-solvable.

Claim 2. If every completion of S contains a 3-clash, then S is 2-unsolvable.
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Proof of Claim 1. Suppose that there exists a completion S” of S that contains no -
clash. We use § to define to detine a triple (Z, M(Y), «). First, let & map injectively
cach variable x to a distinct element of O\ Og. Second, define Z as follows:

e for every atomic concept A and every o € O, let d € AT if and only if there is a

w such that ee(w) = and wi A is in S

o for every atomic role P and every d.e € O, let (d.e) € PT if and only if there

are w, 2 such that w(w) =d. a(2) =e, and wP 7 is in §';

e for cvery complex concept C and role R, the interpretations C and RT are directly

derived {rom the semantic equations given in Section 2.
We show that (Z. M (X)), «) salisfies every constraint in S, and therefore S is X-
solvable.

Consider any constraint of the form w P 7. By the construction of o and Z. we have
(a(w),a(z)) = PEM Consider any constraint of the form w KP 2. Since §' is
a completion, due to the —g-rule, it folows that w and z arc individuals. Moreover,
since §” has no 3-clash, the constraint v £ 2 is in Sy, and therefore, by Lemma 3.2,
(w.z) 2 (KPYTMY) Therefore, (2. M(Y), a) salislies w KP 2.

With regard 1o the constraints of the form w: C. we proceed by a secondary induction
on the structure of C.

With regard to the cases where C is either of the form A or of the form =A, it follows
that a(w) = CT-M21 by construction of « and Z.

Now consider any constraint of the form w:C N D. Since § is complete, both w: €
and w: D are in S'. By the secondary induction hypothesis on the structure of concepts,
(. M(3). @) satisfies both constraints, and theretore, (7, M{(X), «) satisfies w: C 7D
{00.

The other forms of constraints. namely w: T, w: Low: CUD, widR.C. and wiVR.C,
can be treated analogously.

Regarding concepts of the form —KC or KC, since § is a completion. there cannot
be constraints of the form x: ~KC or v: KC. Therefore, we consider only constraints of
the form «: = KC and «: KC.

Consider any constraint of the form «: =KC. Let €' be the negation normal form
of =C. Since § does not contain any XN-clash, there is at least one completion of
Sy {a: C'} that does not contain any Y-clash. Since the number of occurrences of the
epistemic operator in Syt H{a: C'} is less than &, by the induction hypothesis, Sy U{a: C'}
is X-solvable, which means that there 1s a model 7 of X, such that ¢ € (C7yTMy
and hence a ¢ C7MY 0 Since J € M), it follows that a ¢ ﬂj,{_gM(;) I M
hence—by definition of ( KC)TM ' —we have that a ¢ (KC)TM Therefore.
(T, M(X), a) satisties a: ~KC.

Consider any constraint of the form a: KC. Since ' does not contain any X-clash,
it follows that every completion of Sy U {@: C'} contains a X-clash, where C’ is the
negation normal form of ~C.

Since the number of occurrences of the epistemic operator in Sy U {a: C'} is less
than &, by the induction hypothesis, S» U {«: C’} is S-unsolvable, which means that for
every model 7 of 3. we have a € C7-M e a € N 7c g C7 M3 and hence

a = (KC)y-M2) Therctore. (7. M(Y), a) satisties a: KC.
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In conclusion, we have shown that the triple (Z, M(Z3), a) is a solution of §’, and
therefore §' is 3-solvable. Now, Proposition 3.7 implies that S is 3-solvable too.

Proof of Claim 2. Proposition 3.7 tells us that if every completion of S is J-unsolvable,
then § is 3-unsolvable. Therefore, it suffices to show that any completion §’ of S that
contains a 3-clash is 3-unsolvable. We now consider each type of 3-clash in turn, and
show that if $’ contains a 3-clash of that type, then it is 3-unsolvable.

If §' contains a 3-clash of type (i} or (ii), then it is clearly 3-unsolvable.

If §’ contains a 3-clash of type (iii), then it contains a constraint of the form a: KC,
and there is at least one completion of Sy U {a: C’} with no 3-clash, where C’ is the
negation normal form of —~C. By the induction hypothesis, Sy U {a: C'} is Z-solvable,
i.e., there is a triple (Z, M(Z), ) that satisfies all constraints of Sy U {a: C’}, and in
particular a: C’. Therefore, a ¢ CT-M(®, which implies that @ ¢ () 7¢ oq(x) C7 M.
It follows that the constraint a: KC cannot be satisfied by any triple (Z, M(3), a), and
therefore S’ is 3-unsolvable.

If $’ contains a 3-clash of type (iv), then it contains a constraint of the form a: =KC,
and every completion of SyU{a: C’} contains a Z-clash, where C' is the negation normal
form of =C. By the induction hypothesis, Sy U{a: C'} is T-unsolvable. This means that
for every Z € M(Z2), since (Z, M(2),a) satisfies Sy, the triple (Z, M(3), a) does
not satisfy a: C’, that is, a(a) € CTM_This implies that a € ;¢ aq(x C7 M.
It follows that the constraint a: —~KC cannot be satisfied by any triple (Z, M(X),a),
and therefore §’ is X-unsolvable.

If S’ contains a 3X-clash of type (v), then it contains a constraint of the form
aKPb, and aPb ¢ Sy. By Lemma 3.2 there is a model Z € M(ZX) such that
(a.b) ¢ PTMP Hence (a,b) ¢ Ny P7 M) and therefore, the constraint
aKP b cannot be satisfied by any triple (Z, M(Z2), @), which implies that &’ is 2-
unsolvable. [

The results reported in [1,24] show that one can effectively decide whether a con-
straint system that does not include any occurrence of the epistemic operator is 3-
solvable. With the same arguments as in the proofs in [1,24] one can easily show that
the number of completions of an ALCK-constraint system is finite. Observe that, in
order to decide whether a complete constraint system S has a 3-clash or not, a finite
number of I-solvability checks suffices, each one involving a constraint system whose
number of epistemic constraints is less than in S. By induction one can show that the
completion rules described in this section provide us with an algorithm for checking an
ALCK-constraint system for 2-solvability.

Theorem 3.11. It is decidable whether for an ACCK-constraint system S and an ALC-
knowledge base 3 the constraint system S is X-solvable.

Note that the decidability of 3-solvability implies that we have an effective method
both for checking whether X |= C(a), and for computing the answer set of C with
respect to . For the study of the computational complexity of the problem of answering
epistemic queries we refer to Section 5.
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JENROLLED.Grad{ee282).

Grad(mary). Student(susan), —Grad(peter),
TEACHES(john, ¢s221). TEACHES(john.cs324), TEACHES(bob, ee282).

ENROLLED(cs221.mary). ENROLLED(<s221. susan), ENROLLED(ee282, peter)
ENROLLED{ ¢s324. susan). ENROLLED(cs324, peter)

Fig. 2. The knowledge base Xy,
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Fig. 3. A pictorial representation of the knowledge base Y.

4. ALCK as a query language

The goal of this section is o show that the use of epistemic operalors in queries
allows for a sophisticated interaction with the knowledge representation system. For
this purpose we consider the knowledge base X of Fig. 2. The same knowledge base
is also shown in graphical form in Fig. 3, where the nodes of the graph represent
individuals, arcs denote assertions on roles, and concept expressions are drawn close 1o
the individuals that are their instances. Tt can casily be verified that X is satisfiable and
that it has indeed several different first-order models. In fact, 1t does not have complete
knowledge about the represented world. For example, ) does not know whether Susan
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is a graduate or not. That is, there are first-order models of 3| in which the individual
susan is in the extension of Grad as well as models in which it is in the extension of
—Grad.

We provide various kinds of queries that can be posed to X using the language
ALCK. In particular, in order to understand the role of the epistemic operator K, we
consider both ALC queries and their modified versions containing K. The comparison
between the corresponding meanings highlights the role of K in the query language.

4.1. Incomplete information

We now show how the epistemic operator copes with incomplete information. We
start with a pair of queries involving existential quantifiers:

Query 1. 3 = JENROLLED.Grad(ee282) Answer: YES.
Query 2. 3, = JKENROLLED.KGrad(ee282) Answer: NO.

Query 1 asks whether there is a graduate student enrolled in EE282. The answer
is YES because it has been explicitly asserted in 3;. However, the enrolled student is
unknown. It might either be one of the individuals named in 3 or a different one about
whom no information is given. Moreover, it is not even ensured that it is the same one
in all models.

Conversely, Query 2 asks whether there exists an individual who is known both to be
enrolled in EE282 and to be a graduate student. In other words, it asks for an individual,
say Fred, such that both the assertions ENROLLED(ee282, fred) and Grad(fred) hold
in every first-order model for 2. Such an individual does not exist, thus the answer to
the query is NO.

The next pair of queries shows hows the epistemic operator interacts with disjunction:

Query 3. 3| = Professor U Grad(john) Answer: YES.
Query 4. 3, = KGrad Ll KProfessor(john) Answer: NOD.

Query 3 asks whether John is either a graduate student or a professor. The answer is
YES because this fact is explicitly stated in 3. Query 4, instead, asks whether John is
either known to be a graduate student or known to be a professor. It is easy to verify
that none of the two cases holds and therefore the answer to this query is NO.

4.2. Closed-world reasoning

We now show that the use of the epistemic operator allows the user to express a form
of closed-world reasoning. To this aim, we consider two queries that involve universal
quantifiers:

Query 5. 3, = VTEACHES.IntermediateCourse(bob) Answer: UNKNOWN.
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Query 6. Y| = YKTEACHES.KIntermediateCourse(bob) Answer: YES.

Query 5 asks whether every course taught by Bob is an intermediate one. The answer
is UNKNOWN because there are first-order models for X) in which Bob tcaches only
intermediate courses as well as models in which he teaches also courses that are not
intermediate.

Query 6. instead. asks whether everything that is known to be taught by Bob is also
known to be an intermediate course. Since the only course known 1o be taught by Bob
is EE282, and it 1s indecd an intermediate course, the answer to Query 6 is YES.

The above queries show that the use of K allows onc to pose queries to a knowledge
base X under the assumption that X has complete knowledge about a certain individual
a and a certain role P {bob and TEACHES in the example). i.e., under the assumption
that for every pair («.b) such that X P(a.b), the assertion P{a. b) is false in 3.

Notice that this 15 not the same as assuming that knowledge about every role is
complete, like for example can be done in CLASSIC [10] by means of the CLOSE
operator. In fact. in our case the closure is applied only in computing the answer 10
the query. whercas in cited approaches the whole knowledge base has a closed-world
semantics.

4.3. Case analysis and not knowing

We now consider a more complex query in which other forms of reasoning are
involved. Let us consider the lollowing three queries involving nested quantifiers:

Query 7. Y, =1TEACHES.( JENROLLED.Grad I JENROLLED.~Grad)( john)
Answer: YES,

Query 8. 2 = JKTEACHES.K( ZENROLLED.Grad 1 JENROLLED.—Grad) ( john)
Answer: NO.

Query 9. 2 FLZ‘JKTEACHES.K ( JENROLLED.Grad M -JENROLLED.~KGrad){ john)
Answer: YES.

Query 7 asks whether John tcaches a course in which both a graduate and an un-
dergraduate arc enrolled. At a superficial reading of the query, it might scem that the
answer should be NO. The intuitive answer NO is supported by the fact that none of the
courses taught by John is known to meet the requested conditions, i.e., Y entails neither

JENROLLED.Grad 7 JENROLLED.~Grad(cs221) nor

SENROLLED.Grad ~ “ENROLLED.-Grad(cs324).
Nevertheless, the correct answer is YES, and in order to obtain it, one must reason by
case analvsis: As we have already remarked, the knowledge base does not provide the

information as to whether Susan is a graduate or an undergraduate; however, in every
first-order model she must be either one or the other. This fact ensures that in every
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first-order model for 3 either Grad(susan) or —Grad(susan) holds. Consider now
the set of first-order models for 3; in which Grad(susan) holds. In each of these
models, the course CS324 is taken by both a graduate (Susan) and an undergraduate
(Peter). Similarly, consider the set of the remaining first-order models for 3, i.e., the
ones in which ~Grad(susan) holds. It is easy to see that in every model for this set the
course CS221, in this case, is taken by both a graduate (Mary) and an undergraduate
(Susan). In conclusion, in every first-order model for 3 either CS324 or CS221 is in the
extension of JENROLLED.Grad I JENROLLED.—Grad. It follows that in every first-order
model for 2, the above assertion is true proving that the correct answer is YES.

On the other hand, Query 8 asks whether John is known to teach a course that is
known to be in the extension of JENROLLED.Grad M JENROLLED.~Grad. The courses
known to be taught by John are CS221 and CS324, and therefore none of them falls
within the conditions required by the query.

Query 9 is like Query 8, except that the concept —Grad is replaced with the concept
—KGrad. In this case, since -KGrad(susan) holds in 3|, we have that CS221 is in
the extension of (JENROLLED.Grad i JENROLLED.—KGrad), and therefore the answer
is YES. Notice how the reasoning required to answer Query 9 follows the idea of
minimizing knowledge: ~KGrad(susan) holds because Susan is not known to be a
graduate.

Query 7 shows how, in some cases, the first-order semantics of a query might not
agree with its intuitive reading. In fact, most people tend to read Query 7 as requiring
the reasoning pattern that is actually associated with the semantics of Query 8. In other
words, they tend to rule out the case analysis from the computation. Some others may
read it as Query 9. For this reason, in our opinion, it is important to have the operator
K, which gives us the possibility to distinguish and express in one framework the three
alternative readings of the query.

5. Complexity of answering epistemic queries

In this section we investigate the complexity of answering epistemic queries. Specif-
ically, in Section 5.1 we study the complexity of the general problem of answering
ALCK-queries posed to an ALC-knowledge base. In the subsequent two sections, we
focus on two cases of special interest: in Section 5.2 we show that a careful use of the
K-operator in the queries decreases the complexity of reasoning, whereas in Section 5.3,
we show a case in which the introduction of the K-operator substantially increases the
complexity of reasoning.

The complexity of a problem is usually measured as a function of the size of the
problem instances. Therefore, the complexity of checking whether 3 = D(a) is a
function of the sum of the size of 3 and D (the size of a is constant and can be
neglected).

In Section 5.2 however, we consider a different complexity measure, namely the
complexity with respect to the knowledge base 3 alone, as already proposed in [24,53].
We call this complexity measure knowledge base complexity, whereas the one taking
into consideration both X and D is called combined complexity.
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It is obvious that knowledge base complexity is meaningful in those cases where the
size of the query can be neglected with respect to the size of the knowledge base. This is
the case. for example, when the knowledge base contains many facts about individuals,
like in databasc applications.

5.1 ALCK-queries

The calculus we presented in Section 3 can be turned into an effective procedure for
answering ALCK-queries posed to an ALC-knowledge base I. The simplest way (o
derive such a procedure is 1o compule all the completions of the initial constraint system,
and then check whether they are Y-clash-free. Computing one completion simply means
storing the initial constraint system in suitable data structures, and then adding new
constraints by applying the completion rules. Unfortunately. completions might have
exponential size with respect to the size of the initial constraint svstem, and therefore
the above method requires exponential space in the worst case.

In this section we devise a new method for answering ALCK-queries posed to an
ALC-knowledge base. The method works in polynomial space with respect 10 the size
ol the query and the knowledge base. Since answering ALC-queries posed to an ALC-
knowledge base is already a PSPACE-complete problem (sce below), answering ALCK -
queries is PSPACE-hard. Hence, the proposed procedure for answering ALCK-queries
proves that the problem 1s PSPACE-complele.

In [561], both concept satisfiability and subsumption ot ALC-concepts are proved 1o
be PSPACE-complete. The upper bound is proved by exhibiting a linear-space algorithin
whose main idea is as follows: Although the whole constraint system involved in the
computation may have exponential size. one needs only to keep track of a polynomial
part of it at a time. These parts. called fraces. are mutually independent. and can be
checked separately for a clash.

A trace is a set of constraints onc obtains when applying exhaustively the completion
rules in such a way that for cach object w in the constraint system. the —3-rule is only
applied to one constraint ol the form w: 2P . D,

This means that, in computing a trace, we are using a variant of the —3-rule, called
—r3-rule (defined below). Intuttively, when the ——gz-rule is used instead of the —=-
rule, among the set of possible constraints of the form w: 3P.D involving w, cxactly
one of them is nondeterministically chosen as the one 1o which the —3-rule is ap-
plied.

The above technique is extended 10 reason about ALC-knowledge bases in | 11,
where a PSPACE algorithm for both knowledge base satisfiability and instance checking
is presented. Essentiatly. the algorithm relies on the same idea, although un ordering
s imposed on the application of the rules to improve elficiency. In particular, the
application of the —3-rule 1s postponed with respect to all other rules.

When the query is an ALCK-concept. the above method is no longer applicable.
In particular, because of the presence of the K-operator, the X-solvability of one trace
cannot be checked independently of the other traces. Indeed, a variable in a trace might
be substituted with the same individual as a variable in a different trace, thus making
the traces mutually dependent. The following example clarifies the point.
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Example 5.1. Given the ALC-knowledge base

Y = {Student(susan), VFRIEND.Male(peter), VCHILD.-Male(peter)},
consider the query

D =VYCHILD.(—KStudent) LI VFRIEND.(~KStudent)

for the individual peter.
The constraint system § = §y U {peter: D'}, where D’ is the negation normal form
of =D, is:

S = {susan: Student, peter:VFRIEND.Male, peter:VCHILD.—Male,
peter: JFRIEND.KStudent M JCHILD.KStudent}.

Applying the completion rules to S we obtain the following constraint system:

So = SU {peter FRIEND x, x: KStudent, x:Male,
peter CHILD y, y: KStudent, y:—Male}.

Note that Sy is X-unsolvable because of the two constraints x: KStudent and
y: KStudent. In fact, the substitution [x/susan,y/susan] leads to a 3-clash of
type (ii) because of the constraints x:Male and y:—Male in S, whereas each one
of the substitutions [x/peter], [x/¢], [y/peter], [y/t] yields directly a 3-clash of
type (iii).

Conversely, both traces derivable from S, i.e., Sy = S U {peter FRIEND x, x: Male,
x: KStudent} and S; = S U {peter CHILD y, y: —=Male, y: KStudent}, are 3-solvable.
In fact, neither S)[x/susan], nor S;[y/susan] contains a 3-clash. This shows that a
trace-based algorithm would fail to infer that ¥ |= D(a).

The example shows that a mere application of the notion of trace is not sufficient
for capturing all the inferences needed to answer epistemic queries. Nevertheless, we
show in the following that answering ALCK-queries can be done in polynomial space.
The method is based on the following idea: We still proceed by computing traces, but
in order to prevent incompatible substitutions from being applied in different traces, we
allow only substitutions that agree with a set of choices for the individuals that we make
a priori. The key point is that this set of choices can be represented in polynomial space.

A subconcept of a concept C is a substring of C that is a concept. A subconcept of
a constraint system S is a subconcept of some concept appearing in a constraint in S.
We denote by Subc(S) the set of all the subconcepts of S.

Intuitively, the PSPACE algorithm for checking the 3-solvability of a constraint system
S can be defined as follows:

e For each individual in S and 2, guess the subset of Subc(SU S5) consisting of the
concepts whose extension contains the individual; polynomial space is sufficient
for storing such a guess, because both the size of Subc(SU Sy) and the number of
individuals are linear with respect to |S| + | 3.
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¢ Explore all traces, but only onc trace at a time. Compute cach trace starting from
the constraint system obtained from § by adding a suitable set of constraints on
individuals representing the guess.

Traces and guesses are formalized by two new completion rules. respectively:

(i S —yz3 {w Ry »CHUS

it wiAR.C s in S, there are no 2, R” such that 7 is an R'-successor of w in S.
and y is o new variable,
(vi) S —,{la:D}US
iftae OcdOx, C e Sube(SUSy), D=C or D=-C, and neither a: C nor
a:—C isin §S.
The name of rule (vi) is justificd by the tact that the rule is (a nondeterministic version
of) the analvtic cut vule in tablcaux-based calculi | 17].

We distinguish between the calculus constituted by rules (i)-(v) presented in Sec-
ton 3. and the modified calculus. constituted by rules (1), (1), (i)', (iv), (v), (vi),
i.c..the — -0 om0 =rgms —=g-. =ya- and — ., -rules. Also. we call frace any constraint
system to which we cannot apply any rule of the modified calculus. Soundness and
completeness of the modificd calculus are stated in the following (wo lemmas. The first
one simply states that the -, -rule preserves the solvability of the constraint system.

Lemma 5.2. Let S be a constraint system, b an individual in Os SOy, und C a concept
in Subc(SU Sy, such thar neither b:C nor b: —C s in S. Then S is X-solvable if and
only if there exists an 8" = {b: D} U S where D = C or D = =C, that is obtained from
S by the application of the -—-rule. and is X-solvable.

Proof. (=) Suppose S is X-solvable. Let (Z, W, a), where W = M(3) be a solution
of S. Let S be obtained as follows: Il b < CIYW then b: C = §', otherwise b —~C < §'.
Obviously, (Z,W, a) satishies S

(<=) Since S C 5, if § is X-solvable, then so is §. O

Given a constraint system S and a knowledge base 3, we call subconcept saturation
of § with respect 1o Y uny constraint system (nondeterministically) obtained tfrom §
by the exhaustive application of the —,-rule only. One can think of a subconcept
saturation also as a binary relation over (Og U Oy) x Subc(SU Sy). When D = C is
chosen in the —» ., -rule, the paiv (a,C) is in such a relation; when D = —C is chosen,
the pair (a.C) 1s not in the relation.

We now want o group together all the traces that are part of one completion obtainable
with the rules (1)—(v). Such groups can be incrementally built using the algorithm shown
in Fig. 4.

We call a complete ser of traces any set of traces that can be obtained from § and ¥
as a result of the algorithm ol Fig. 4.

Complctions are in a one-to-one relation with complete sets of traces, as shown 1n
the following lemma.

Lemma 5.3. Let S be a constraing syvstem, and Y an ALC-knowledge base. There
is a completion of S (obtained by applving rules (1)-(v) presented in Section 3)
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Algorithm CompleteSetOfTraces(S, X);
Input constraint system S, ALC-knowledge base 3;
Output a set of traces 7= {T},..., T, };
begin
let 7 be the singleton set composed by a subconcept saturation of § w.r.t. X in
while (there is a trace in 7 to which a trace rule is applicable)
if the —,-rule is applicable to a trace T; € 7
then apply —., t0o T;
elseif the —,-rule, x € {M, L, V., K}, is applicable to a trace T; € 7
then apply —, to T;
elseif the —r3-rule is applicable to a trace 7; € 7
then let 7;',...,TF be all the different traces
that can be obtained by applying —r3 to T;
in7:=(7\{THu{T,....TH
endwhile;
return 7
end.

Fig. 4. The nondeterministic algorithm computing a complete set of traces.

without X-clashes if and only if there is a complete set of traces {Ty,...,T,} that can
be obtained from S and X such that, for each 1 < i < n, T; does not contain any
3-clash.

Proof. (<) Suppose there is a complete set of traces {T1,...,7,}, computed from §
and 3 by means of the algorithm in Fig. 4, and such that no 7; contains a 3-clash.
Assume also that the variables generated in different 7T;s are different. We show that
there is a completion S, of S such that $ C §; =T, U---UT,, and S, does not contain
any 3-clash. We first show that §; does not contain any J3-clash. Indeed, §; cannot
contain any X-clash of types (i), (iii), (iv), or (v), because, otherwise, such a 2-clash
would be present in some 7;. Assume now that S; contains a 3-clash of type (ii), i.e.,
S| contains two constraints w: A and w: ~A. There are two cases:

Case 1: the object w is a variable. Due to the structure of the traces, two constraints
involving the same variable are necessarily in the same trace. It follows that there exists
a T; with a ¥-clash.

Case 2: the object w is an individual. Suppose that w: A appears in T; and w:-A
appears in Ty, with j # h. Let §' be the subconcept saturation of § with respect to
3 chosen by the algorithm. Since w € Os U Oy, due to the —,-rule, either w: A or
w:—A is in &', hence it is in S| too. Suppose now, without loss of generality, that w: A
is in 8. Then w: A is in every trace, and thus it is in 73, too. Hence 7}, contains a
3-clash.

Now, one can construct a completion S; of S by repeatedly eliminating from §;
unnecessary constraints. Since S, is a subset of Sj, it does not contain any 3-clash.
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(=) Suppose that there is a completion Sy, obtained by applying the rules of the
calculus presented in Section 3, without Y-clashes. From Theorem 3.10, S| is 2-solvable.
i.e.. there is a wiple (I, M(X).a) that is a solution of S;. Let S> be a constraint
system obtained from §; by the exhaustive application of the —,-rule only, using
(Z. M), a) 10 guide the applications of the rule: if @ € CTMX then choose
D = C. otherwise choose D = --C. Obviously, (7. M(X),a) is a solution of S» (oo,
hence 5> cannot contain any M-clash.

Now., split S» into the set of its traces {T7... ., 7,}. This set of traces can be derived
from S and X by mcans of the algorithm of Fig. 4. choosing a subconcept saturation
contained in S>. and using $> o guide the application of nondeterministic rules: add the
constraint already present in S; whenever a choice in the application of a rule must be
made. Therefore, {7,.....T,} is a complete sct of traces: moreover, for each | < i < n,
the trace 7; does not contain any X-clash. [

Lemma 5.3 tells us that cach trace can be checked for a X-clash independently. In
fact, no X-clash can involve two variables belonging 1o different traces in a constraint
system where the — ., -rule is not applicable. Based on this property, we now show that
the method sketched at the beginning of this section leads to an algorithm that works
with polynomial space.

Before presenting the detatled algorithim, we need one more definition. A constraint
o 1s closed in a constraint system S in the following three cases:

o o i1s w:C 1D, and both w: C and w: D arc in S,

o o is w:C U D, and cither w:C or w:D 15 in S;

o o is w:dR.C, and there cxists Z such that w Rz and Z:C are in S,

[ntuitively, 1f a constraint 1s closed no rule applies to i A constraint in S 1s open il
it is not closed.

The algorithm for instance checking is shown in Fig. 5. It faithfully follows the mod-
ified calculus. except that traces are checked independently, and closed constraints are
removed from the constraint system. The information regarding the choices for individ-
uals (represented by the subconeept saturation S7) is present in cach trace. Observe also
that since in this algorithm Sy 7 S, also Oy € Oy, Hence, when introducing a ¢ with
the —g-rule. it is suflicient 1o check that ¢ ¢ Og.

Theorem 5.4. The algorithi Instance qpoiapon (X a, C) is correct and rerminating.

Proof. Follows from Lemmata 5.2 and 5.3 and from the results in [ 1,56] about the
independence of the traces in ALC. [

We now turn our attention to the complexity of the algorithm. First ol all, notice that
the size of cach subconcept saturation of S with respect to 3 is polynomially bounded
by the size of |S] + |21, as proved in the following lemma.

Lemma 5.5, Let N be an ALC-knowledge base, S a constraint svstem. and S’ be
subconcept saturation of S with respect to 3. Then

ST=000S F X)),
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Algorithm Instance scc/accx(2,a,C);
Input ALC-knowledge base 3, individual a, ALCK-concept C;
Output true if 3 = C(a), false otherwise;
begin
§:= Sy u{a:C’}, where C’ is the negation normal form of =C;
while (not all possible subconcept saturations of § w.r.t. 3 have been considered)
let S’ be a new subconcept saturation of § w.r.t. 3
in if Solvable(S’, 3)
then return faise
endwhile;
return true
end.

Algorithm Solvable(S, 2);
Input constraint system S, ALC-knowledge base J3;
Output true if S is Y-solvable, false otherwise;
begin
if (w:A,w:=A€S)or (w:L€S)or (aKPbe S and aPb ¢ Sx)
then return false (* 3-clash of type (i), (ii), or (v) *)
elseif a: KC € S
then return Instancescc/accx (2, a,C) and
Solvable(S\ {a: KC},3)) (* Z-clash of type (iii) *)
elseif a: ~KC € §
then return (not Instancesc/accx(2,a,C)) and
Solvable(S\ {a: ~KC}, ) (* 3-clash of type (iv) *)
elseif (x: KC € Sorx:—-KCeSorxKPycSoryKPxcS)
then return (there exists » € Og U {4} with + ¢ Og:
Solvable(S[x/b], 3))
elseif w.C,NC, €8
then return Solvable((S\ {w:C; N Cy}) U{w:C;,w: (1}, X)
elseif w.CiUC, €S
then return (Solvable((S\ {w:C,UC}) U{w:C}, %) or
Solvable((S\ {w:C, LU Ca}) U{w: 3}, X))
elseif (w:VR.C € §) and (wRz holds in S) and (z:C ¢ S)
then return Solvable(SU {z:C})
elseif w: IKP.C € S
then return Solvable((S\ {w:3KP.C}) U{wKPx,x:C}, %)
elseif w:AP.C € §
then return Solvable(S U {wPx,x:C}\ U, {z:3Q.D}, 2) and
Solvable(§\ {w:3P.C}, 3)
else return true
end.

Fig. 5. The algorithm for instance checking in ALC/ALCK.
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Proof. Let n be the cardinality of the set Sube( S Sy). Each subconcept saturation
S’ contains all constraints in S, plus # - Qs U Oyl constraints of the form a: D. The
size of each constraint in 8" is obviously bounded by [S| + |3|. Thercfore, |§| <
IS+ ST+ 2 1Oy U Oy Sinee noand [Og U Oy are bounded by [S] -+ 13, the
claim follows. [J

Theorem 5.6. Instance ace:acen (X, a.Cy works with polynomial space with respect
to |X]=1C|.

Proof. The proot is by induction on the number & of occurrences of the K-operator in
the concept C.

Base case: k= 0. We first prove that Solvable(S’, X) runs in polynomial space with
respect 1o the size of the subconcept saturation S of S with respect to 3. Note that
Solvable( S’ X actually computes. one by one, every trace T; in a complete set of
traces of S and 2. The number of variables invelved in cach trace 7; is bounded by
the maximal nesting depth of existential quantifiers in S, which is linear in [S]. Also,
the number of individuals in 7; is lincar in |S,. In addition, the number of constraints
is polynomially bounded by the number of objects (which is polynomial in |$]). It
follows that the size of the trace involved in any recursive call of the algorithm Solvable
is polynomial with respect 1o the size ol the initial subconcept saturation S of § with
respect o X, where § = Sy U {a: ~C}. Since Lemma 5.5 telfs us that the size of cach
subconcept saturation ol § with respect to X is polynomial with respect w |S! + |21,
it follows that Instancegp0iapen (2 a.C) runs in polynomial space with respect to

1ST+ {27, and, since "S{ = [ + IC], we can conclude that Instance qocapon (Xoa.Ch
works with polynomial space with respect to |3 |C,.

Induction step: k = 1. 'The cost of the algorithm in the case & > 1 is the same of the
case kK = O plus the cost of the recursive calls o Instance aze; acen 1ssued during the
execution of Solvable. The number of calls of Instance qpe; apcn is globally limited o
k times the number ot individuals in the constraint system, and therefore is polynomiul
in the size ol the imitial constraint system. Since for cach call of Instance ypeapck
at least one occurrence of the K-operator 1s climinated. by the inductive hypothesis
each one requires polynomial space. 1t follows that the whole algorithm works with
polynomial space, ]

Notice that the algorithm Instance qp¢; acex i meant only for the purpose of stating
the complexity upper bound. In order o obtain a more efticient algorithm, several
optimizations arc possible. However, the analysis ol such optimizations is outside the
scope of this paper.

5.2, Queries with restricted existential quantification

The examples of Section 4 show that existential quantification allows one to express
queries that require reasoning by case analysis. In {24,537, it is shown that this kind
of reasoning makes deductions about concepts computationally hard. In the examples
given in Section 4 we showed that the use of K may allow us to express queries ruling
out case analysis. In particular, this 1s done by replacing the concepts of the form FP.0D
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with concepts of the form JKP.KD. Those examples suggest that a decrease of the
complexity of reasoning is possible by the use of K. In this section, we obtain a general
result about this possibility, by analyzing the complexity of query answering when two
sublanguages of ALC, namely ALE and AL, are used.

The language ALE consists of all concepts in negation normal form which do not
contain the union constructor, whereas AL consists of all the ALE-concepts whose
existential quantifications are of the form IP.T. In [53], it has been proved that the
problem of checking whether 3 = C(a), where 3 is an AL-knowledge base and C is an
ALE-concept, is coNP-hard with respect to the size of 3 (knowledge base complexity).
In [24], the same problem for the case of 4LE-knowledge bases is proved to be
PSPACE-complete with respect to the size of 2 and C (combined complexity).

We call ALEK the language obtained by adding the K-operator to ALE, and we
call ALEK ™ the sublanguage of ALEK consisting of the concepts where the existential
quantifications are only of the form IKP.KD.

We prove that the answer to a query over an AL-knowledge base can be computed
in polynomial time with respect to the size of the knowledge base (knowledge base
complexity) provided the query is in ALEK™. This result, compared with the coNP-
hardness result in [53], confirms the fact that there are cases where we can decrease
the complexity of reasoning with a careful use of the K-operator.

Specifically, we have developed a polynomial-time algorithm (shown in Fig. 6) that
checks whether 3 = C(a), where ¥ is an .AL-knowledge base and C is an ALEK™-
concept. The algorithm is an implementation of the calculus of Section 3, specialized
to deal with an AL-knowledge base and an ALEK ™ -query. The specialization amounts
to disallowing certain rule applications of the general calculus that cannot take place in
our case.

First, since ALEK does not have disjunction, no conjunction occurs in the negation
normal form of any negated ALEK ~-concept. Let C be an ALEK™ -concept and C’ be
the negation normal form of —~C. Since the —n-rule is the only one that can generate
two open constraints on the same variable, it follows that each object can be in at most
one open constraint involving a subconcept of C’. This open constraint is represented
by the second and the third parameter of the algorithm ClashFree, and is kept separate
from the constraint system S.

Note that the —vy-, —3-, and —n-rule are applied implicitly in the algorithm, when
computing the completion of Sy. In addition, the constraints of the form w: KC do not
occur because only negated ALEK ™ -concepts must be considered, and ALEKX™ does
not allow for general negation.

Notice that, since the whole constraint system has polynomial size with respect to the
knowledge base (see below), there is no need to use the modified calculus developed
in Section 5.1. The algorithm, called Instance 4./ acex-~ is shown in Fig. 6.

The following lemma states the correctness of the algorithm, and shows that its time
complexity is polynomial with respect to the size of 3.

Lemma 5.7. Let 3 be an AL-knowledge base, a an individual, and C be an ALEK™ -
concept. Then Instance az; acsx- (2, a,C) terminates, returning true if 3 = C(a), and
false otherwise. Moreover, it runs in polynomial time with respect to | X|.
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Algorithm Instance gp; apex - (X, a,C)
Input AZ-knowledge base Y, individual a. ALEK ™ -concept C;
Output truc if X = C(a); false otherwise
begin
S = completion of S1:
if S contains a X-clash
then return (ruc
else return not ClashFree(S. Y. a, —~C)
end.
Algorithm ClashFree(S, Xow E)

Input constraint system S. AL-knowledge base Y,
object w, negated ALEK™ -concept E;
Output true if St {w: E} is Y-solvable, false otherwise

begin
case L of
~T: return false:
— L return truc.
—A: return (w: A ¢ S):
——A: return (w: A ¢ S);

—(C, 71 Cxy: return ClashFree( S, X w, —Cy) or ClashFree(S. X w, -Ca);
=¥ P.C: return ClashFrec(completion of S {w P x}, X, x,=C).

where v is a new variable;
=KC:if wis an individual
then return ClashFree(S, 3w, —(C')
else return there exists a such that ¢ € Og U {4}
and ClashFree(S, X, a,-C)
—3KP.C: if w is an individual
then return forall » such that (w P b <€ Sy)
ClashFree(S, X, b, —~C)
else return there exists a such that a € Og

and forall b such that (¢ P b e Sy
ClashFree(S{w/al, Y. b,~(C)

-YKP.C:if w is an individual
then return there exists » such that (wP b < Sy)

and ClashFree(S, X. b, -C)

else return there exist «, b such that (¢ Pb < Sy)

and ClashFree(S[w/a), X, b.~C)

endcase
end.

Fig. 6. The algorithin for Instance Checking in AL/ ALEK .
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Proof. The correctness of the algorithm follows from the soundness and completeness
of the calculus and the above observations. For the termination, it is sufficient to observe
that in any recursive call of the algorithm ClashFree the parameter corresponding to E
decreases in length.

With respect to the complexity, first notice that the completion of a constraint system
in AL has polynomial size [36]. Since all the other operations performed by each call
of the procedure ClashFree are polynomial, it follows that each call of the procedure
ClashFree runs in polynomial time. In addition, the number of calls is bounded by
|Z]I€1. In fact, each call can fire a number of calls that is at most the cardinality of
O3, which is bounded by |3|. The depth of the tree of recursive calls is bounded by
the number of nested constructors in C, and therefore is bounded by |C]. Since we
are measuring the complexity with respect to the size of 3 only, |C| is a constant, and
we can conclude that the whole algorithm works in polynomial time with respect to
knowledge base complexity. [J

Theorem 5.8. Answering ALEK ™ -queries posed to an AL-knowledge base can be
done in polynomial time with respect to knowledge base complexity.

Proof. Follows from Lemma 5.7. O

It is interesting to observe that the same result does not hold if we measure the
complexity by taking into account the size of the query. In fact, the algorithm
Instance 4 4cexc- runs in polynomial time with respect to the size of the knowledge
base, but in (deterministic) exponential time with respect to the size of the query. Note,
however, that looking at Instance 4/ acex- as a nondeterministic algorithm, it works
in (nondeterministic) polynomial time, and this allows us to deduce that the problem is
in coNP. In the next section, we prove that the same problem is coNP-hard with respect
to combined complexity, thus showing that answering ALEKX ™ -queries posed to an
AL-knowledge base is a coNP-complete problem (with respect to combined complex-

ity).
5.3. Limits to tractability

In this section we prove that reasoning with the K-operator is coNP-hard with respect
to combined complexity. We prove this result for a language of very low expressivity,
namely ALy, which is defined below. The result obviously extends to more expressive
languages, such as AL and ALE.

The language AL, is obtained from AL by eliminating the constructor for existen-
tial quantification, and the language ALoK is ALy plus the epistemic operator. We
now show that answering ALyK-queries posed to an ALy-knowledge base is coNP-
hard.

We prove the claim by a reduction from the complement of the problem Uniform-
3SAT, which is known to be NP-complete. Uniform-3SAT consists of deciding the
satisfiability of a set of propositional clauses, each one consisting of exactly three
literals that are either all positive or all negative.
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Let "= {y...., ¥u} be such a set of propositional clauses. Without loss of generality,
we assume that the clauses yy..... Y& are composed by positive literals and the clauses
Yiris--.. ¥y are composed by negative ones, with 1 < k < n. We construct an ALy-

knowledge base X and un AL K-query D(¢y) such that 77 is unsatisfiable if and only
if Yk D(cy).

Suppose the propositional symbols occurring in /™ are py, ..., p,. We consider each p,
as an individual, and we assume that there are individuals ¢, ..., ¢, which are distinct
from p..... P Morcover, we assume that A is an atomic concept, and P.Qy,....0,
are primitive roles.

Now, let X be the knowledge buse containing the assertions

e VP A(¢c,) lori=1,.... k:
e YP.~A(¢) fori=k -~ 1,....m
e 0i(q.cio). Qilgiociony, Qilgociny) for i = 1,...,n, where ¢!, g7, ¢ arc the

propositional symbols occurring in the clause ;.
Let D be the concept
|

YPYKQ, NP VKOs ... NP NKO,. L,

that is, D consists of a universally quantified chain of roles where the roles P and KQ;
alternate.

Lemma 3.9. Ler [T Y and D be defined as above. Then 1 is unsatisfiable if and only
if ¥ = D(cy).

Proof. Recall that X k= D(c¢;) holds if and only if the constraint system § = Sy U
{c;: =D} is X-unsolvable.
The constraint system S, after rewriting —=D into negation normal form, assumes the
following form:
S={cn VP AL Lt VYPLAL ceosVPRAL L o VPSA,
| 2 3
g gy Qo gy Qe
Loy 2 , 3 \
q, Qn Cyats le Cpane Yy ()./' (SRR
12 3PAKQ, AP AKQA. .. 5P KO, T}
We will prove the lemma by showing that /7 1s saustiable if and only if S is Y-solvable,
which by Theorem 3.10 is equivalent to the fact that S has a clash free completion.
Applying the completion rules to S, the only constraint system obtainable (up to
variable renaming) is:
Si=Su{a Pxi. i KQiva. P va KQavy, oo,
Ve Py, v KQy v, v Ty A},

The —g-rule can be applied to S| substituting individuals for variables. It 1s casy to
sce that for the variables y;, where ¢ = 2,....12 + [, the only substitution that does not
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yield a 3-clash of type (v) is [yi/c;]. In fact, the constraints in Sy regarding the role
K . 2 s

Qi are g} Qiciv1, GF Qicivis g} Qi ci+1, and all the three of them involve the individual

ci+1 as second argument. Moreover, no other clash results from this substitution. Let

S2=Si[y2/c2,e s Yur1/Cupr].

Because of this substitution, S, contains the constraints ¢; P xy, ..., ¢, P x,. In addition,
S, contains the constraints ¢;: VP.A for 1 < i< k, and ¢:VP.—A, fork+1<i<n.
Applying the —y-rule to these constraints results in the system

Ss=SuU{aPxi, xiKQica, c2Pxy, x2KQ2¢3, ..., ¢y P xp, %, KOy cpyi

Cost: Ty X0 A, oo, Xt A Xepi A, Lo, X AL

Again, in Si the —g-rule can be applied to the constraints x; KQ; c;.y. After replacing
all variables x; by individuals, the resulting system will be complete. However, it need
not be clash free. Due to the relational constraints in 3 that involve Q;, there are three
candidate substitutions for each x;, namely [x;/q!], [x;/q?], and [x;/q}]. Any other
substitution yields immediately a 3-clash of type (v).

Therefore, the proof of the lemma will be complete once we have verified the fol-
lowing fact:

Claim. The set of clauses I' is satisfiable if and only if in each clause vy; there is a
propositional variable p;, such that S3[x\/py,,....x,/p1,] is clash free.

(<) Let @ = [x1/py,»-...x4/p1,] be a substitution such that S36 is clash free. Note
that each p;, is a propositional variable that occurs in the clause y;. We define the
propositional assignment & by

501 true if p;i A is in S36,
pr = false otherwise,

where [ =1,...,m.

Let 1 < i < k. Since S36 contains the constraint p;,: A, we have that 8(p;,) = true so
that & satisfies the clause ;. Let k+1 < i’ < n. Then S38 contains the constraint p;,: —A.
Since S38 is clash free, there is no constraint p;,: A in $36. Hence, 8(p;,) = false so
that & satisfies the clause y;. Summarizing, we have shown that § satisfies each clause
in I, hence I” is satisfiable.

(=) Let 8 be a propositional assignment that satisfies each clause in I". We define a
substitution 8 = [x;/py,, ..., Xs/p1,] such that 538 is clash free.

Let | < i< k. Since & satisfies y;, we conclude that for one of g}, ¢?, g3, call it py,
we have that 8(p;,) = true. We substitute p;, for x;. As argued above, this substitution
does not give rise to a clash of type (v). Let k+ 1 < ¢ < n. Since § satisfies vy, we
conclude that for one of g}, ¢%. g}, say pi,, we have that 8(p,,) = false. We substitute
pi, for x;.. Again, this substitution does not give rise to a clash of type (v).

Define 8 := [x1/py,,-..,%s/pi,]. We argue that 538 is clash free. Clearly, there is
no clash of type (v). Neither is there a clash of type (i), (ii), or (iv), since there is
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no constraint in 536 of the form w: L. w: KC. or wi—KC, respectively. If §1¢ contains
a constraint w: A, then wois a propositienal variable that has been substituted for one
of xp,..... v By definition of 4. we have 8(w) = true. Similarly, it 38 contains a
constraint w: —=A, then wis a propositional variable and 8(w) = false. Since & docs not
assign two different truth values to one propositional variable, S$36 contains no clash of
type (1), i

Lemma 5.9 implies the following theorem.

Theorem 5.10. Answering ALoK-queries posed 1o an ALg-knowledge base is coNP-
hard with respect o combined complexity.

Observe that the theorem implies also that answering ALEK ™ -queries posed to an
AL-knowledge base is coNP-hard with respect to combined complexity.

6. Rules and definitions

In the previous scctions we considered knowledge bases constituted only by mem-
bership statements in ALC~-i.c.. an empty TBox and an ABox without any occurrence
of the epistemic operator. We now consider knowledge bases with a TBox containing
cpistemic sentences of @ special kind, and an ABox without epistemic sentences as
before. We show that this extension formalizes the use of procedural rules as provided
in many implemented systems based on description logics [5,43], and allows for a
weakening of definitions that 1s both semantically well-founded and computationally

advantageous.
6.1, Epistenic rules

In this subscction we discuss intuitions and formal properties of the class of epistemic
sentences that we admit in the TBox. We consider knowledge bases of the form (R, A},
where A is an ALC-ABox and R is a TBox containing only of the form

KC D,

where C and D are ALC-concepts. We call these sentences epistemic rules. or simply
rules. The concept C is called the antecedent of the rule while concept D is called the
consequent. Rules can be instantiated with individuals. Given an individual a. we ulso
call C{a)y an antecedent and D (a) a consequent of the rule instance.

We remind the reader that an epistemic interpretation (2. W) satisfies the rule KC T
Dl (KC)y?YW o DEW . An epistemic model of a knowledge basc of the form (R, A}
must satisfy all ¢pistemic rules in R and all membership statements i A. Therefore,
for any epistemic model W of a knowledge base {R, A}, we have that W Z M(A).
where M(.A4) is the sct of first-order models of A, This means that the sct of epis-
temic sentences R restricts the set of first-order models of A4 to a maximal subsct that
salisfies every rule in R. Because of the form of epistemic rules there is a unique
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epistemic model of the knowledge base ¥ = (R, A), as proved in the following propo-
sition.

Proposition 6.1. Let ¥ = (R, A) be a knowledge base. If ¥ is satisfiable then there is
a unique epistemic model for ¥.

Proof. By contradiction. Suppose that YW and W' are two different epistemic models of
¥, We prove that WUW is also an epistemic model of ¥, contradicting the maximality
condition for epistemic models for W and W'.

Consider a generic interpretation Z € W U W'. Suppose that Z is in W (the other
case T € W’ is symmetric). From (1), for every rule KC C D in R we have that

ﬂ c7 c p*.
TJEW

Further, since

0, (00 (0

Jewuw’ JeW TJew’ JEW

it follows that

Jewuw’

proving that (Z, WU W’) satisfies KC C D.

Since both W and W’ are subsets of M(A), also WU W’ is a subset of M(A),
hence (Z, WUW') satisfies every assertion of A. It follows that WUW' is an epistemic
model of ¥. [

Observe that KC is equivalent to T if C is equivalent to T. For such concepts, the
epistemic rule KC T D is equivalent to the inclusion statement T £ D without the
epistemic operator in the antecedent. Dealing with implications of this kind requires
some extra machinery and is computationally demanding (see, e.g., [14]). Therefore
in this paper we restrict our attention to “genuine” epistemic rules, i.e., rules whose
antecedent is not equivalent to T.

Let us show through an example the effects of epistemic rules in the knowledge
base.

Example 6.2 (see [5, p. 62]). Consider the knowledge base ¥, = (R2, Az), where

R, = {KStudent C VEATS.JunkFood},
Aj = {Student(john)}.
The epistemic rule in R, states that “those that are known to be students eat only junk

food”. Therefore, if we know that john is a student we can conclude that he eats only
junk food. In every first-order interpretation of the epistemic model W of ¥3, we have
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that Student( john) is truc. thus john is known to be a student. Therefore, in order
to satisty the rule KStudent = YEATS.JunkFood, every first-order interpretation in W
must satisty YEATS.JunkFood(john). Thus, the semantics of the epistemic rule gives
the desired conclusion that john cats only junk food.

Onc of the features of epistemic rules is that they represent a weak form of impli-
cation, since they rule out contrapositive rcasoning. This feature, which is relevant for
both uses of epistemic rules that are discussed below, is illustrated in the following
example.

Example 6.3. Consider the knowledge base ¥3 = {(R>, A3), where R is the same as
in the previous example:

R>={KStudent £ VEATS.JunkFood}.
A = {--YEATS.JunkFood( john) }.

In this case, —VEATS.JunkFood(john) is true in every first-order interpretation of
the cpistemic model W. However, in W there is a first-order interpretation in which
Student(john) is truc and another one in which —~Student(john) is true. Therefore,
john is not known to be a student and the rule is satisfied because the antecedent 1s
false.

We now introduce the extension ol an ABox A with respect to a TBox R. We say
that an epistemic rule KC D is applicable to an individual @ in a knowledge base
v o= (R, A, if its antecedent C(a) is true in ¥, ie., ¥ = C(a). The result of the
application of the epistemic rule (o the individual ¢ is that the consequent D(a) of the
rule instance is added to A (obviously without changing the epistemic models of ¥7).
The extension of A with respect 10 R ois the ABox Apg that is obtained from A4 as a
result of the systematic application of the epistemic rules R to all individuals in A.
The first-order extension ol a knowledge base ¥ = {R. A} is the ALC-knowledge base
'I'R’ = ”V’) J—\‘R

Morce preciscly, ¥ is the knowledge base computed by the algorithm in Fig. 7. The
idea behind the algorithm is simple: the application of every epistemic rule is attempted
on every individual, until no rule is applicable. Each rule application adds the consequent
of the rule 1o the final result and discards the pair rule-object that has fired the rule.
As shown below. the result is unique and independent of the order of application of the
rules.

Example 6.4. It is casy to verify that in Example 0.2 the rule is applicable and the
first-order extension is
(¥2)r. = (I, {Student(john). VEATS.JunkFood( john) }}.

On the other hand. in Example 6.3 the rule is not applicable because the antecedent
is false and the first-order extension is

(¥3)r. = (0. { “YEATS.JunkFood( john) }}.
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Algorithm ApplyRules(¥);
Input knowledge base ¥ = (R, A);
Output ALC-knowledge base ¥ = (0, Ag)

begin
K =R x O4; (* x is the Cartesian product *)
A= A,
loop

finished := true;
forall (KC C_ D,a) € K do
if A’ =C(a)
then begin
A= Au{D(a)};
remove({KC C D, a),K);
finished := false

end;
endfor;
if finished then return (@, A’)
endloop

end.

Fig. 7. The algorithm for computing first-order extensions.

Notice that the number of assertions that can be added to A is at most equal to
IR| - [O.4] (the number of epistemic rules times the number of individuals in the
ABox), i.e., the number of possible rule applications. However, when an epistemic rule
is applied, all rules that have not yet been applied must be reconsidered. Therefore the
algorithm for computing the first-order extension requires a number of steps which is
quadratic in [R| - |O 4], the most expensive one being instance checking in ALC for
which a calculus is given in [1,24].

First-order extensions represent the result of a forward reasoning process on a knowl-
edge base and a set of epistemic rules. We now show that they correctly capture the
semantics of knowledge bases with epistemic rules.

Proposition 6.5. Let ¥ = (R, A) be a knowledge base, W be its epistemic model, and
Y = (D, Ar) be its first-order extension. Then M(Ag) = W.

Proof. We first prove that W C M(AR). Let A = Ay, Ay,..., A, = Ar be the
sequence of ABoxes generated by the algorithm ApplyRules adding one assertion of the
form D(a) at a time. We have that W C M(Ag); we now prove that if W C M(A4;),
then W C M(A,,,), from which the claim follows by induction.

By contradiction: assume that W & M (.A;1;). Then there exists an interpretation 7
such that Z € W, T € M(A;), and T ¢ M(A;1).

Let KC T D be the rule applied in .4; and D(a) be the assertion added to .4; so
as to obtain Ay, i.e, {D(a)} = Ay \ A From Z € M(A4;) and T ¢ M( A1), it
follows that a ¢ DT.
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Since D(a) is in A /A and D(«) has been included to A;,; because of the
application of the rule KC ¢ D, we have that 4; = C(a).

By definiton of (Z.0) we have that (Z, W) satisfics KC T D. It follows that
ﬂj@,v(“7 C DT, Now. since a ¢ DT, we have that ¢ ¢ N7ew €. The two facts:
A= Clay and a 4 ﬂ;/‘&;w C+ contradict the inductive assumption that W & M (A;).

We now prove that M(Ag) © W. By contradiction: assume that M(Ar) Z W
since we have alrcady proved that W & M (AR ). we have that W #= M(Ar).

Now, since W is the maximal set satisfying all rules in R, it follows that M (AR)
cannot satisfy all rules, and therclore there exists a tule KC T D and an interpre-
tation 7 & M(Ag) such that KCHMAR) ¢ pTMUAR) og us consider the set
(KC)HT-MARN pTMEA i this se there is an individual @ such that Ag = C(a).
However, we know from « ¢ DEMEAD hat Dia) is not in Ag. Tt follows that the
rule KC C D is applicable o ¢ in Ag. contradicting the assumption that Ax is the

tirst-order extension of {R. A}, [

The algorithm ApplyRules can therelore be effectively used in the computation of the
first-order extension of a knowledge base.

0.2. Procedural rules

In this subsection we address a direct use of epistemic rules in the formalization of
the so-called procedural rules (or trigger rules). that are commonly available in frame-
based systems. In fact. {ollowing the 1dea of combining frames and rules [30], many
knowledge representation systems based on description logics provide a mechanism for
expressing knowledge, that we here refer o as procedural rules (sce. for instance.
CLASSIC [ 5] and LOOM [43]). Such rules take the torm

C = D.

where C, D are concepts. The intuitive meaning of a procedural rule is it an individual
is proved to be an instance ol C. then derive that it 1s also an instance of D™ and the
behavior of procedural rules is usually described in terms of a forward reasoning process
that adds to the knowledge base the assertion D(«) whenever C(a) is proved to hold.
Conscquently, a procedural rule cannot be interpreted in terms of logical implication
since it does not support reasoning by contraposition—i.c., from —D(«) infer —C (a).
Indeed, the main ditference between procedural rules and implications is that the former
are intended to provide a reasoning mechanism which applies them in one direction
only, namely from the antecedent to the consequent.

The semantics of procedural rules in [tame-based systems is often defined informally.
Attempts 1o precisely capture the meaning of procedural rules are based either on
viewing them as knowledge base updates (sce for example the TELL operation of
1371}, or on ad hoc semantics (see [55]). Procedural rules in frame-based systems
can be nicely Tormalized as epistemic rules. In fact, the procedural rule C = D can be
represented by the epistemic rule KC = D. Procedural rules are therefore interpreled
as implications, but the epistemic operator in the antecedent leads to a weaker form of
inclusion. which rules out reasoning by contraposition. Epistemic rules correctly capture
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this property, as shown in the previous section, and thus can be effectively used to give
a formal account of procedural rules. In order to clarify the correspondence between
procedural and epistemic rules we present an example where epistemic rules can be read
as procedural rules.

Example 6.6. Consider the knowledge base ¥4 = (R4, Ag):

R4 ={KGrad C VTEACHES.BasicCourse,
KBasicCourse L VENROLLED.~Grad},
Ay = {Grad(bill) , TEACHES(bill, ¢s248),ENROLLED( cs248, ann) }

Consequences of the procedural rules are directly expressed by the extension of .44 with
respect to R4, which is the following:

(A r, = {Grad(bill) , TEACHES(bill, cs248), ENROLLED(cs248, ann),
VTEACHES.BasicCourse(bill), VENROLLED.~Grad(cs248)}.

Applying the rule KGrad T VTEACHES.BasicCourse to the individual bill adds
to the knowledge base the consequent VTEACHES.BasicCourse(bill), which im-
plies BasicCourse(cs248), thus firing the rule KBasicCourse C VENROLLED.~Grad,
which in turn adds VENROLLED.—Grad(cs248). Obviously, (¥4)r, = —Grad(ann).
One can verify that in every first-order interpretation Z of the epistemic model W for
¥4, we have ¢s248 € BasicCourse?" and ann € —Grad?-".

6.3. Weak inclusions

In this subsection we provide a weak form of concept definition by exploiting the
use of epistemic rules in the knowledge base that is both semantically well-founded and
strictly related to the actual behavior of implemented frame-based systems.

Recent studies on the formal properties of description logics [14,16, 18,46,47] show
that the treatment of inclusions in the TBox is one of the critical aspects of the realization
of knowledge representation systems based on description logics. In fact, reasoning on
knowledge bases with a TBox is coNP-hard even for TBoxes using very simple concept
languages [46]. In the case of the language ALC, reasoning with an empty TBox is
PSPACE-complete, while admitting inclusions in the knowledge base makes reasoning
EXPTIME-hard [14].

We propose a suitable use of epistemic rules that leads to so-called weak inclusions.
The idea is to substitute general inclusions with epistemic rules, thus losing some of
the inferences that are sanctioned by the semantics of inclusions, but gaining in the
efficiency of deduction. We believe that this weaker setting has an intuitive meaning
based on the semantics of epistemic rules. Recall that a concept definition A = C can
be seen as a shorthand for the two inclusions A T C and C C A. One can verify that
the treatment of definitions provided in, e.g., LOOM [42], which limits their use to
known individuals and disregards many inferences based on the use of contrapositives,
is similar to considering the two inclusions of a definition as epistemic rules.
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Let R be a set of epistemic rules, 7 a set of inclusions between ALC-concepts (no
epistemic operator), and A be an ALC-ABox. The weakening of ¥ = (RUT . A) is the
ALCK-knowledge base

o= IR Al

obtained by replacing cvery inclusion staiement C 5 D in 7 by an epistemic statement
KC [ D in 'R. More formally.

R =RUIKCT D! (CLD)yeT)

Intuitively, every inference we can make in ¥~ can be done in ¥ as well, while the con-
verse is not true. Hence, W™ can be regarded as a sound and incomplete approximation
of V.

Let us now consider the computational advantages ol weakening inclusions i an
ALCK-knowledge base. In what follows. we assume that no rule in R’ has an antecedent
which is equivalent to 1.

Query answering over an ALCK-knowledge base ¥ = (R U7, A) with T # ) is
EXPTIME-hard [ 14]. Henee we do not expect to find any algorithm for answering
querics in ¥ working in polynonial space, unless EXPTIME = PSPACE. On the other
hand, query answering in W~ = {R', A is the same as query answering in (¥~ ).
which is the first-order extension of ¥ 7. Observing that (¥ 7 )z is a knowledge base
{0, Ar/y constitwted by an ABox only, we know {rom [24] that this problem can be
solved in polynomial space. Since the stze of (¥ 7 ) g is polynomially related to the
size of ¥ 7, and therefore of ¥ too. the above observation shows that weakening the
inclusions of an ALCK -knowledge base leads to an exponential decrease of the space
required in the worst case for query answering.

We finally discuss an example ol weakening. which illustrates the effects of the
transformation on the conclusions that can be drawn from the knowledge base.

Example 6.7. Consider the knowledge base ¥s = (75, A}, where A; is the sume ABox
of Fig. 2, and 75 is shown in Fig. 8 (note that initially there are no rules, i.e., Rs =#).
Recall that all definitions of the form C = D are a shorthand for C Z D and D C C.

The weakening W will be (R{. Ay), where RS is shown in Fig. 9. Due o the
weakening the answer (o the gueries posed (o ¥s and ¥, is not always the same. For
example.

Query 10. V5 = JTEACHES.IntermediateCourse(john) Answer: YES,
Query 11. ¥ = JTEACHES.IntermediateCourse(john) Answer: UNKNOWN.

In Vs the answer o the query 1s YES because ol a case analysis on Susan-—as in Y of
Section 4. In fact, according to 7Zs. the two concepts Grad and Undergrad partition the
concept Student. Being a student, Susan can be either a graduate or an undergraduate.
In the first case, the course CS221 1s an intermediate course, while in the second case
CS324 is an intermediate course. Hence, in both cases John teaches an intermediate
Ccoursce.






